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Abstract—Subspace clustering is a celebrated problem that
comes up in a variety of applications such as motion segmen-
tation and face clustering. The goal of the problem is to find
clusters in different subspaces from similarity measurements
across data points. While the algorithmic aspect of this problem
has been extensively studied in the literature, the information-
theoretic limit on the number of similarities required for reliable
clustering has been unknown. In this paper, we translate the
problem into an instance of community recovery in hypergraphs,
and characterize the sharp threshold on the limit required for ex-
act subspace clustering. Moreover, we present a computationally
efficient algorithm that achieves the fundamental limit.

I. INTRODUCTION

Subspace clustering is a popular problem of which the task
is to cluster n mixed data points that approximately lie in a
union of affine subspaces by measuring similarities between
data points. Subspace clustering has been applied to a variety
of applications such as motion segmentation [1] and face
clustering [2], where data points corresponding to the same
class (tracked points on a moving object or faces of a person)
lie on a single subspace. See [3] and references therein for a
thorough survey of applications.

A common procedure in the existing algorithms for sub-
space clustering [4]-[7] includes construction of the affinity
tensor of the d-th order (d > 2) whose entries represent sim-
ilarities between every d data points. Since this construction
suffers from a high computational complexity that scales like
n?, the prior algorithms face a challenge in applications with
large data sets.

To address such computational challenge, sampling-based
approaches, which construct the affinity tensor with sampled
entries, are proposed in [4], [8]. While those approaches
successfully reduce the computational complexity in practice,
no theoretical guarantees are provided. Recently, Ghoshdasti-
dar and Dukkipati [9] demonstrate that sampling Q(n log® n)
entries suffices for clustering up to a vanishing fraction of
wrongly clustered data points; however, whether or not the
provable sample complexity is optimal has been unknown.
Further, sample complexity conditions for exact clustering
have been unexplored.

In this work, we translate the subspace clustering problem
into an instance of the problem of community recovery in
hypergraphs, and characterize the fundamental limit on sample
complexity required for exact subspace clustering. We show
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that such fundamental limit reads iV where 6

is a noise-related parameter in similarity measurements (to
be detailed later; see (1) in particular). We also present a
polynomial-time algorithm that achieves the limit, thereby
demonstrating no computational barrier.

A. Connection to Community Recovery

Community recovery problems seek to find hidden commu-
nities given a graph and have been extensively studied [10]—
[13]. Recently, [14] investigates a hypergraph setting in which
edges cover more than two nodes. Drawing parallels between
data points and nodes in a hypergraph, we translate subspace
clustering into an instance of community recovery in hyper-
graphs. The translation will be clearer in Sec. II.

B. Notations

For a set A and an integer m < |A|, we define (2) =
{BCA |B| = m}. Let [n] denote {1,...,n} for a
positive integer n. Let e; be the i standard unit vector. We
use I{-} to denote an indicator function. We shall use log(-)
to indicate the natural logarithm.

II. PROBLEM FORMULATION

We first present the sampling-based subspace clustering. In
this paper, we focus on the case of two subspaces. Consider
a collection of n points in an Euclidean space, each of which
is either from subspace Sy or Sj. For an integer d > 2, a
similarity measure between d data points is a quantity that
tends to be 1 if the d points are from the same subspace,
and 0O otherwise. Among all possible d-tuples of data points,
similarity measures are accessible for a sampled subcollection.
The goal is to cluster the n data points into the two clusters
using the sampled similarity measures.

We now formally translate the sampling-based subspace
clustering into community recovery in hypergraphs. The -
th point is viewed as node ¢, and its membership X; denotes
which cluster the data point belongs to, i.e., X; = 0 if the data
point is from Sp; X; = 1 otherwise. Let X := {X; }1<i<n be
the ground truth vector. For a d-tuple E = {iy,i2,...,i4},
we define a noisy similarity measure Yz by

Ye=UHX;, = X;,} ® Zg, (1)
where @ denotes modulo-2 addition, and Zp " Bernoulli(#)
for a fixed noise rate # € (0,1/2). We assume that sim-
ilarities measures are collected from a random hypergraph
H = ([n],€) where each element in (")) belongs to &
independently with probability p € [0,1]. We simply write
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H ~ ’Hflw for this random hypergraph model. Sample
complexity is defined as the expected number of hyperedges
in a random measurement hypergraph, which is p(Z). Let
Y := {Yg}gece. Then, the sampling-based subspace clus-
tering problem is equivalent to the problem of recovering X
based on Y. We remark that when d = 2, this reduces to a
conventional graph setting [10]-[13].

Note that given H, the conditional distribution of Y |X is
equal to that of Y|X & 1, implying that there is no way to
distinguish X from X & 1. Hence, we allow for a global shift
in reconstructing X. Specifically, given a recovery scheme 1),
the probability of error is defined as

P(0) = max Pr(u(Y) ¢ (X, X 1}).

We intend to characterize the minimum sample complexity,
above which there exists a recovery algorithm ) such that
P.(1)) — 0 as n tends to infinity.

III. MAIN RESULTS

Our main contribution lies in characterization of the funda-
mental limit for exact subspace clustering, stated below.

Theorem 1. Fix d > 2 and € > 0. Suppose H ~ Hjiw. Then,

. T in d—2 nlogn
infy Po(6) = 0 if (3)p 2 (1) 5 0,
infy, P.(¢) 40 if (3)p < (1-e)35 (\/%)7%%)?

See Sec. IV for the proof.

While [9] considers a general similarity measurement, it
provides only a sufficient condition on sample complexity
for weak recovery, which allows a vanishing fraction of
misclassified nodes [15]. Specialized to the model of our
interest, the sufficient condition in [9] reads (n log? n),
which comes with an extra logn to the fundamental limit
characterized in the above theorem.

One interesting observation in Thm. 1 is that the limit
is proportional to # One can interpret that the amount
of information that one hyperedge can reveal on average is
approximately 2%2' For ease of explanation, suppose that

0 = 0 and we observe an hyperedge F = {i1,i2,...,i4}.
The case of Yr = 1 provides (d — 1) bits of information
as it implies X;, = X;, = -+ = Xj,. On the other hand,

the case of Y = 0 provides less information as it rules out
only two possible cases (X;, = X;, = -+ = X;, =0
and X;, = X;, = --- = X;, = 1) out of 2¢ possible
candidates. This amounts to roughly d- 2% bits. Since Yr =1
occurs with probability 2,1%1, the amount of information
that one hyperedge can carry on average should read about
(@ =)+ (1 - 52r) 5 ~ 5

Our result also provides a guideline as to how to choose
d for sample-efficient subspace clustering. When 6 is inde-
pendent of d, the limit decreases as d decreases. In practical
applications, however, # may change depending on d. The
quality of similarity measure across data points can improve
with more data points involved, making 6 inversely propor-
tional to d. In this case, choosing d as small as possible may
not be the best option, i.e., there might be a sweet spot for
d that minimizes the sample complexity. It turns out this is

indeed the case in practice. In Sec. VI, we will discuss in
greater details.

IV. PROOFS OF INFORMATION-THEORETIC LIMIT

Now we prove the information-theoretic upper and lower
bounds; we defer the proofs of lemmas to the full version [16].
We highlight that the probability of error is dependent upon
the ground truth vector, and hence a more delicate analy-
sis is needed. We begin with some notations: for a vector
V = {Vihicicn € {0,1}" and E = {i1,iz,...,ia} € (1),
let Ig(V) = {V;;, = V;, = ...V, }, and let I(V) =
{Ig(V)}Egce; define d(V) := ||[Y = I(V)|;.

A. Proof of Achievability

We denote by Y. the maximum likelihood (ML) decoder
for the problem. One can easily verify that ¢y (Y) =
arg minyeo,13» d(V), where ties are randomly broken. We
will prove that maxxeo,13» Pr(vm(Y) ¢ {X,X®1}) =0
under the sufficient condition.

Without loss of generality, let A € {0,1}" be a ground
truth vector whose first £ coordinates are 0 and the next n—k
coordinates are 1. By symmetry, we assume 0 < k < n/2.
To list all possible candidates for the ML solution, we denote
by A;; the collection of vectors which differ from A in i
coordinates among the first £ coordinates and in j coordinates
among the next n — k coordinates. In particular, Ay o = {A}
and A, = {A @ 1}. Note that

{(Vvefo,i}" : Ve¢{AAal}t= [] Ay,
(i,9)€T
where Z := {(4, ) (i,7) ¢ {(0,0), (k,n—k)}, 0 <i <
k, and 0 < j <n—k}.
Hence, we get:

Prtn (¥) ¢ (X, X &1} | X = A)
<Y Prav)<da)

(1.J)€L  VEA;

= > <k> <”'“) Pr(d(Viy) <dA), @)

(id)e J

T
where V,,; = (0,...,0,1,...,1,1,...
\w—/

i J

,1,0,...,0) and (a)

k e
follows due to the union bound and the factkthat ML decoder
outputs V ¢ {A, A @ 1} only if d(V) < d(A).

To compare d(V; ;) and d(A), we define F; ; := {E €
([Z]) IE(A) 7’5 IE(VZJ)} and gi,j = &N ]:i,j-
By definition, for E € &5, Yg = Ig(A) if Zg = 0;
Yr = Ig(V, ;) otherwise. It follows that d(V; ;) < d(A)
if and only if ZEESM Zg > % Thus,

Pr(d(V;;) <d(A))
| Fi, 51

= > Pr(d(Vi;) <dA) | €] =0 Pr(|€ ;] = 0)
=1

(a [Fi il

) _ Fij -
S Z e ZD(O‘5|\9) <| €7J|>p5(1 o p)l]:ldl ¢ (3)
(=1
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where (a) is due to Chernoff-Hoeffding [17] and D(pl|q) be
the Kullback-Leibler (KL) divergence between Bernoulli(p)

and Bernoulli(g). (3) can be simplified as
(1-(1- efD(O‘SH@)))\Fi,j\ ,

hence by letting p' = (1 — e~ P(0-5119))

2)< )

(1,7)€T

p, we get

DRI

To give a tight upper bound on (4), we need to estimate
|F;.;]. To this end, we first count |F; ;|. For an exhaustive
counting, we define By := {1,2,...,i}, By == {i + 1,i +

.,k}, Bs = {k-‘rl,k‘—‘rz...,k‘-‘rj}, and By = {k+
j+1,k+j+2,...,n}. Note that
° IE(A) =1 and IE(VZ,
(Case 1) E C (BlUBQ), EnNB; #@, EnN By #@, or
(Case 2) E C (BsUBy), ENB3#0, ENBy#0;

e Ig(A)=0and Ig(V;;) =1 when either
(Case 3) E C (Bl UB4), EnB ?é@, ENnBy 75@, or
(Case 4) E C (BQUB3), EnNB, #@, EnNBs #@

OO
SOC Sy o

Observe that |F; ;| = |Fk—in—k—;|, which implies (7, j)-
th term in the summation (4) is equal to (k —i,n — k — j)-
th term. Thus, one can find an one-to-one mapping between

(@) e j<[*3* ] and {(j) €T : j > [*5*]} so
that corresponding terms have the same value. By usmg this
mapping, we can manipulate:

> (k) (n_.k)(l—p’)'m'. (6)
(jeTjcnge NN Y
n=k et

In this regard, we only consider the case of j < "3
6 > 0 be a small constant. For the case where i > dn or
j > dn, it follows from (5) that

£ O L)
FEOEE)EOE 2

where (a) follows since j < % and k < 3; (b) follows
since ¢ > én or j > én. Then it is easy to show (6)— 0 for
this case:

. . k n — k _ /Q(nd)
(6)-H{226n0r]25n}§22 . . e P
ez /NI

= 2 Xnlogn) Z (k) <n B k) < 2eQnlognign
12 7 -

(i,5)€T

;) = 0 when either

4) <2

S]

Ve

Now we are left with the case where i < dn and j < dn.
The following lemma gives a tight lower bound on |F; ;| in
this case:

Lemma 1. For i < dn and j < n,

o (1=281t/ n
|fi7j|2(1+])'v d—1)
By Lem. 1,
1
§~(6)~]I{i<5n and j < on}
k —k
< Z I{i #0 or j # O}<> <n . )(1 — )Tl
. 3 1 ]
i<dn,j<on
< 3 T £0or j 4 O)ninde 952 ()
i<dn,j<on
< Y Hi#0orj#£0}
i<dn,j<én
) ] p/(1_25)d—1 ﬁ
- exp ((z +7) {1ogn — = (a") . )
As (1 — e PO319) = (/T =6 — /0)?, the precondition
in Thm. 1 becomes
2d72
(Z)p > (1+6)=g—nlogn, ®)
and hence we get:
(1 =26 d—1( n
A k) > (14 €)(1—26)%tlogn

9d—2
> (1+¢/2)logn,

where the last inequality follows by choosing § sufficiently
small. Thus, (7) converge to zero as n tends to infinity.

B. Proof of Converse

Without loss of generality, we assume that n is even.
Let Vi/2 be the collection of n-dimensional vectors which
consist of n/2 coordinates of 0’s and n/2 coordinates of 1’s.
Moreover, let X/, be the random vector taking a sample
uniformly over V;,,. For any scheme 1, by definition of
P.(1)), we see that

Pr(¢(Y) ¢ {X, X@1} | X =X,/5) < Pe(t)
and hence

i{/l)fPI‘ (V(Y) ¢{X, X@1} | X =X;)5) < ifdl)fpe(¢)~
On the other hand, one can easily deduce that the infimum
at the left hand side is achieved by /2 Which is defined
as Yur,1/2(Y) = argminyey, , d(V), where ties are broken
randomly. Let A = (0,...,0,1,...,1). By symmetry,
—— —

n/2 n/2

Pr(Ymea/2(Y) ¢ {X, X @1} | X =X, )
=Pr(YmL12(Y) ¢ {A, A91} | X =A).
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Let S be the success event that argminyey,,, d(V) =
{A,A ®1} when X = A. Notice that

(@)
Pr (Y p(Y) ¢ {A, A©1) | X = A) 2 2 Pr(s?)

where (a) follows since given S¢, there are more than two
candidates for arg minyey, , d(V), so

Pr(Ymea2(Y) ¢ {A, A®1} | X =A, 5% >

OJ\H

Hence, it suffices to show Pr(S) — 0. By definition,

Pr(S) = Pr ﬂ

VeV \{A AP}

[d(V)>dA)]|. O

To give an upper bound tight enough, we construct a large
subset of nodes such that any two nodes in the subset do
not share the same hyperedge. To this end, we first choose a
big subset Ry = {1,2,...,7}U{Z +1,2+2,...,2 +r},
where r = [log?,n]. Then erase every node in Ry, which
shares hyperedges with other nodes in Rypig to obtain Rre.
The following lemma guarantees that R, has a comparable
size with Ry, with high probability:

Lemma 2. Suppose (Z)p = O(nlogn). Then with probability
approaching 1,

[Ryes| > (2 —o(1))r.

Let A be the event that |Res| > (2 — o(1))r. Given the
event A,

{1727"' 7n/2}mRres (10)

and

{2+1 42, n}ﬁRm a1

should contain more than r/2 elements; we collect r/2 ele-
ments from (10) (resp. (11)) and denote by {b1,ba,...,b,/2}
(resp. {c1,¢a,. .., ¢ 2}).

Now we give an upper bound on (9). Suppose that there ex-
ist k, ¢ such that d(A @ ey, ) < d(A) and d(ADe.,) < d(A).
Conditioning on A, there are no hyperedges that contain both
by, and ¢y, so d(ADep, De.,) < d(A). From this observation,
we see that conditioning on A,

r/2

r/2
Scﬂ (A@epy)>dA ﬂ (A@®e,)>dA)

=: S’.

Hence, we get:

(@)

Pr(S) < Pr(S' | A)

r/2
< 2Pr ﬂ (A@ey)>dA) | A

®)

5 pr r/2

(d(A®ey) >dA) | A)

where (a) is due to Lem. 2; (b) follows from the fact that
events {[d(ADey, ) > d(A) | Al}1<k<r /2 are mutually inde-
pendent. Now we finish the proof. Let p’ = (1 —e~P(0-319)y
as in the achievability proof.

Lemma 3.

r(n/2—1
Pr (d(A @ ey,) < d(A ).

)| A) > (1+o0(1))e 2 ("as
By Lem. 3, we get:

Pr (d(A @ ey,) > d(A) | A)"/*

<(i-a+ o(1>)e—2p’("éizl))’”/2

< exp (—(1 + 0(1))2 exp {—Qp’(

n/2 —
d—1

)

exp {—(1 +o(1)) -

< exp <_(1 + 0(1))210g3 n

e
and the last term converges to zero as p’ < (1—¢)

V. AN EFFICIENT ALGORITHM

In this section, we present an algorithm that achieves the
information-theoretic limit characterized in Thm. 1. We only
describe the algorithm while deferring a detailed analysis to
the full version [16]. The algorithm operates in two stages,
beginning with a decent initial estimate from spectral clus-
tering followed by iterative refinement. Detailed procedures
are presented in Alg. 1. Our algorithm is inspired by similar
two-stage approaches that have been applied to many other
problems [10], [13], [18].

Algorithm 1
1: For given Y = {Yg} gee, construct an n X n matrix

A::Z Z YE{eiejTJreje?}.

Ee& {i,j}CE
i#]

2: Find the first two eigenvectors of A and stack them side
by side to obtain U € R"*2,

3: Cluster the rows of U using the approximate geometric
k-clustering [19] with any fixed approximation rate € > 0.

4: Classify nodes according to the resulting clustering to
obtain the membership vector X(?) = {Xi(o)}lgign €
{0,1}™.

5: For T = O(logn), update X*) = {Xi(t)}lgign for t =
0,1,...,7—1 by

X+ _ {X“) if d(X®) < d(X(t) De),

XPDa@1 if dX®) > dX® ae),
fori =1, 2, ...,n, where d(-) is defined in Sec. IV.
6: Output X(7) = {X(T)}1<1<n

VI. DISCUSSION

A. Information-theoretic Limits

In this section, we demonstrate the performance of Alg. 1
by running Monte Carlo simulations. Each point plotted in
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Fig. 1: Alg. 1 achieves the optimal sample complexity. We run Monte
Carlo simulations to estimate the probability of success when: (a) n = 1000,
d = 4, and for various choices of #; (b) n. = 1000, & = 0.05, and for various
choices of d. For each curve, we normalize the number of samples by the
respective information theoretic limits, characterized in Thm. 1. Observe that
the probability of success quickly approaches 1 as the normalized sample
complexity crosses 1.
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-10 -5 0 5 10 Sample complexity

(a) Randomly generated data set (b) Varying d

Fig. 2: Optimal choice of d when 6 decays with d. We run Monte Carlo
simulations to estimate the probability of success with the data set shown
in (a). We observe that the effective noise rate decreases as d increases. For
varying d from 3 to 6, the success probability of Alg. 1 is shown in (b): the
best performance of the algorithm is observed when d = 4.

Fig. la and Fig. 1b indicates an empirical success rate. We
take 100 Monte Carlo trials. Fig. 1a shows the probability of
success when n = 1000, d = 4, and for various choices of
6. Shown in Fig. 1b is the performance of our algorithm with
n = 1000, & = 0.05, and for various choices of d. For both
figures, the z-axis denotes the number of samples normalized
by the respective information-theoretic limits, characterized in
Thm. 1. One can observe that the success probability due to
Alg. 1 quickly approaches 1 as the normalized sample com-
plexity crosses 1, which corroborates our theoretical findings.

B. Optimal d for Subspace Clustering

In this section, we observe how the fundamental limit varies
as a function of d. As we briefly discussed in Sec. III, if
the noise rate 6 is irrelevant to d, the optimal choice of
d would be the minimum possible value of d. However, if
the noise quality # depends on d, there may be a sweet
spot for d. In practice, the noise quality can be highly
dependent on d. To see this, consider a synthetic data set
for subspace clustering, shown in Fig. 2a. Here the goal is to
cluster n (= 200) 2-dimensional data points approximately
lying on a union of two lines (1-dimensional subspaces).
For each sampled hyperedge E = {iy,--- ,iq4}, wWe evaluate

Yg in (1) as follows: we first find the line that minimizes
the sum of distances to the d points iy, ---i4, and compute
the sum of distances from the d points to the line that we
denote by D. Then, we set Yy = 1 if and only if D is
less than a fixed threshold, which is appropriately chosen so
that Pr(Yy = 0 | 41,42, -+, 44 are from the same line) ~

Pr(Yg = 1 | 41,02, -+ ,iq are not from the same line).
We estimate the effective noise rate 0 := Pr(Yp =
0| i1,42,- - ,iq are from the same line) for various d, and

observe that € quickly decreases as d increases.

Using these similarity measures and the synthetic data set,
we evaluate the performance of Alg. 1, shown in Fig. 2b.
Interestingly, we find that the optimal choice of d here is 4
rather than 3.
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