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Abstract

As machine learning becomes prevalent in a widening array of sensitive applica-
tions such as job hiring and criminal justice, one critical aspect in the design of
machine learning classifiers is to ensure fairness: Guaranteeing the irrelevancy of
a prediction to sensitive attributes such as gender and race. This work develops
a kernel density estimation (KDE) methodology to faithfully respect the fairness
constraint while yielding a tractable optimization problem that comes with high
accuracy-fairness tradeoff. One key feature of this approach is that the fairness
measure quantified based on KDE can be expressed as a differentiable function
w.r.t. model parameters, thereby enabling the use of prominent gradient descent to
readily solve an interested optimization problem. This work focuses on classifi-
cation tasks and two well-known measures of group fairness: demographic parity
and equalized odds. We empirically show that our algorithm achieves greater or
comparable performances against prior fair classifers in accuracy-fairness tradeoff
as well as in training stability on both synthetic and benchmark real datasets.

1 Introduction

During the last decade, we have witnessed an unprecedented explosion of academic and popular
interests in machine learning. Machine learning is no longer just an engine behind image classifiers
and spam filters. It is now employed to make critical decisions that affect our lives, cultures, and
rights, e.g., screening job applicants, and informing bail & parole decisions. With a surge of such
applications, one major criterion in the design of machine learning algorithms is to ensure fairness.

A fair classifier aims at achieving the irrelevancy of a prediction to sensitive attributes such as race,
sex, age, and religion. Prior works in the fairness literature have developed several metrics that
capture various notions of discrimination. Three major fairness measures have been taken into
consideration: (i) group fairness [8, 3, 12, 42, 41] that intends to ensure similar statistics across
distinct demographics; (ii) individual fairness [7, 9, 33, 40] that targets nondiscriminatory predictions
across nearby examples; (iii) causality-based fairness counterparts [20, 24, 30, 37, 45, 46, 18]. This
work focuses on group fairness that has been widely explored in a variety of applications. Prominent
group fairness measures include demographic parity [8, 42], equal opportunity [12], and equalized
odds [12]. All of these intend to quantify how prediction outputs vary depending on sensitive
attributes.

There has been a proliferation of fair classifiers [12, 7, 5, 1, 28, 43, 17, 23]. One challenge that
arises in the prior algorithms is that they suffer from obtaining an explicit and possibly differentiable
fairness measure w.r.t. model parameters and the non-differentiability often prevents the use of popular
algorithms such as gradient descent. This naturally leads to a common approach: Incorporating an
expressible fairness proxy as a regularization term in an interested optimization. One pioneering
work along this direction [42] employs as a fairness proxy a covariance function between a sensitive
attribute and a prediction. However, such a proxy-based approach may not well respect fairness
constraints when it serves as a weak constraint as in [42]. A small covariance does not ensure
statistical independence although the reverse is always the case. Hence, any theoretical performance
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is not guaranteed for a wide range of real datasets in which the low correlation may not necessarily
ensure independence.

Contribution: To address the issue, we take a distinct approach that allows us to directly quantify
fairness measures without relying on such proxy. Our methodology is based on kernel density
estimation (KDE) [4] that serves to estimate a probability distribution. We emphasize three notable
aspects of our KDE-based framework. The first is that it enables a direct computation of an interested
fairness measure without introducing any proxy. Second, it yields high accuracy on the distribution
estimate. In the binary classifier of our consideration, a moderate sample size ensures a reasonably
precise estimate, in stark contrast to high-dimensional settings [34, 32, 14]; see Remark 1 for details.
Lastly, the fairness measure computed based on KDE can be expressed as a differentiable function
w.r.t. model parameters, thereby enabling the use of standard gradient descent to easily solve a
constrained optimization problem taking the fairness measure as a regularization term. Our extensive
experiments conducted both on synthetic and benchmark real datasets (Law School Admissions [36],
Adult Census [6], Credit Card Default [6, 39], and COMPAS [2]) demonstrate that our algorithm
achieves higher accuracy-fairness tradeoff relative to the states of the arts [42, 41, 44, 1, 25, 12], both
w.r.t. demographic parity and equalized odds. It also exhibits an enhanced performance in training
stability, compared to adversarial learning based frameworks [44, 11].

Related works: Fair classifiers are categorized broadly into the following three types: (1) pre-
processing; (2) post-processing; (3) in-processing. Pre-processing intends to correct biased and/or
possibly poisoned data (if any) for mitigating discrimination [16, 43, 8, 38] while post-processing
perturbs classifier’s output at test time while freezing the model [12, 28]. In-processing handles
a fairness constraint in the process of model training. Below we provide a list of in-processing
techniques most relevant to ours.

One common in-processing approach is to address a constrained optimization that incorporates
a fairness measure as a regularization term. Zafar et al. [42] takes this approach, yet utilizing
a covariance fairness proxy w.r.t. a prediction and a sensitive attribute. While such covariance
proxy yields convex optimization under the logistic regression and SVM frameworks to achieve the
optimality via gradient descent, it comes at a cost in enforcing a fairness constraint, as it serves only
as a weak constraint. Other approaches based on linear regression and SVM include [17, 5].

Another line of in-processing algorithms which yet take different approaches are [44, 1, 25, 29].
Zhang et al. [44] build upon an adversarial learning framework [11] to design a classifier and a
discriminator so that the discriminator cannot identify a sensitive attribute from a prediction. While it
may enjoy promising accuracy-fairness tradeoff with careful design, it suffers from a stability issue
in training as it is based on min-max optimization [11, 31]. See Section 4 for a relevant in-depth
discussion.

2 Problem Formulation

A fair classifier setting includes two types of data: (i) normal (and possibly objective) data; (ii)
sensitive data (or called sensitive attributes). We denote the normal data by x ∈ Rd. In the case
of recidivism score prediction [2], such x may refer to a collection of the number of prior criminal
records and a criminal type, e.g., misdemeanor or felony. For sensitive data, we employ a different
notation, say z. In the above example, z may indicate a race type among white (z = 1) and black
(z = 0). In general, the alphabet size of z is arbitrary. There are many race types such as Black, White,
Asian, Hispanic, to name a few. Also, there could be multiple sensitive attributes like gender and
race (e.g., White male, White female, Black male, Black female). In order to reflect such scenarios,
we consider discrete-valued z ∈ Z with an arbitrary alphabet size |Z|. Let ŷ be the classifier output
which aims to represent the ground-truth conditional distribution p(y|x, z). Here y ∈ Y denotes the
ground-truth label. In the recidivism score prediction, y = 1 means reoffending in the near future, say
within two years (y = 0 otherwise), while ŷ indicates the probability of such event occurring. We are
given m example triplets: {(x(i), z(i), y(i))}mi=1. We assume that both x and z are fed as the input,
although z may not be part of the input in an effort to automatically respect disparate treatment [42],
another fairness notion that captures an unequal treatment. For a clearer explanation, we first focus a
binary classification setting where Y = {0, 1} and then discuss on a multiclass setting as presented
in Section 5.
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This work focuses on two group fairness notions: demographic parity and equalized odds [8, 42, 12].
Their formal definitions rely on a few notations. Let Z ∈ Z be a random variable that indicates a
sensitive attribute. Let Ỹ ∈ Y be a hard-decision value of the prediction Ŷ at a certain threshold:
Ỹ := 1{Ŷ ≥ τ} where τ ∈ [0, 1].

Definition 1 (Demographic Parity) A classifier is said to satisfy demographic parity if its prediction
Ỹ is independent of the sensitive attribute Z: Pr(Ỹ = 1|Z = z) = Pr(Ỹ = 1), ∀z ∈ Z .

One popular measure that captures the degree of violating demographic parity is the difference
between the conditional probability and its marginal. Similar to the namings in [5, 15], we call it the
difference w.r.t. demographic parity (DDP):

DDP :=
∑

z∈Z
|Pr(Ỹ = 1|Z = z)− Pr(Ỹ = 1)| (1)

where DDP ≥ 0 and the equality holds when a classifier fully respects demographic parity. One may
consider another measure which takes “max” operation instead of “

∑
” in (1), or a different measure,

called disparate impact, which captures the degree of the statistical independence via the ratio of
probabilities of positive events among distinct sensitive attributes [1, 8, 42]. We focus on DDP in (1)
for tractability of an associated optimization problem that we will detail later.

Definition 2 (Equalized Odds) A classifier is said to satisfy equalized odds if its prediction is
conditionally independent of the sensitive attribute Z given the label Y : Pr(Ỹ = 1|Z = z, Y =

y) = Pr(Ỹ = 1|Y = y), ∀z ∈ Z and y ∈ {0, 1}.

Similarly we define the difference of the two probability quantities w.r.t. equalized odds (DEO) as:

DEO :=
∑

y∈{0,1}

∑

z∈Z
|Pr(Ỹ =1|Z=z, Y =y)− Pr(Ỹ =1|Y =y)| (2)

where DEO ≥ 0 and the equality holds when a classifier respects equalized odds.

One natural approach to decrease DDP or DEO is to incorporate the fairness-related constraint as a
regularization term into the conventional optimization which is often of the following form:

min
w

1

m

m∑

i=1

`CE(y
(i), ŷ(i)) (3)

where `CE(y, ŷ) := −
∑
j yj log ŷj indicates cross entropy loss [10], and w denotes weights of a

classifier. Taking into account DDP or DEO, we then obtain:

min
w

1− λ
m

m∑

i=1

`CE(y
(i), ŷ(i)) + λLfair (4)

where the fairness-associated regularization term Lfair takes DDP or DEO, and λ ∈ [0, 1] denotes a
normalized regularization factor that balances predication accuracy against the fairness constraint.
Here one challenge that arises is that expressing DDP and DEO in terms of w is not that straightfor-
ward. One effort was made by [42] which introduced a surrogate yet expressible fairness measure.
Specifically they employ a covariance function between Ŷ and Z as a fairness proxy. However, this
covariance proxy serves only as a weak constraint and therefore it may not fully respect the fairness
constraint.

To overcome the challenge, we take a kernel density estimation (KDE) [4] trick which allows us
to faithfully quantify fairness measures. Our approach also enables the computed measures to be
differentiable w.r.t. w, thus enjoying a variety of gradient-based optimizers [10, 19].

3 Proposed Approach

The computations of DDP and DEO require the knowledge of PỸ |Z and PỸ |Z,Y , respectively. So the
question of interest boils down to: How to express PỸ |Z and PỸ |Z,Y in terms of w? To this end, we
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employ the KDE methodology that serves to estimate the pdf of Ŷ via samples. Since Ỹ is a function
of Ŷ , the pmf of Ỹ can be represented also via the samples. A notable aspect of the KDE approach
(to be detailed in the sequel) is that it enables PỸ |Z and PỸ |Z,Y to be expressed as differentiable
functions w.r.t. w. Let us start by reviewing the KDE.

Definition 3 (Kernel Density Estimator (KDE) [4]) Let (ŷ(1), . . . , ŷ(m)) be i.i.d. examples drawn
from a distribution with an unknown density f . Its KDE is defined as:

f̂(ŷ) :=
1

mh

m∑

i=1

fk

(
ŷ − ŷ(i)

h

)
(5)

where fk is a kernel function (see Definition 4) and h > 0 is a smoothing parameter called bandwidth.

Definition 4 (A kernel function) A kernel function is a non-negative real-valued integrable function
fk(·) that satisfies two requirements: normalization and symmetry.

Here we employ a prominent Gaussian kernel function:

fk(ŷ) :=
1√
2π

exp

(
− ŷ

2

2

)
. (6)

To ease the computation of the cdf of fk(ŷ), we approximate the Q-function as per [21]:

Fk(ŷ) :=

∫ ∞

ŷ

fk(y)dy = Q(ŷ) ≈ e−aŷ
2−bŷ−c (7)

where (a, b, c) = (0.4920, 0.2887, 1.1893).

3.1 Demographic Parity

We first estimate fŶ |Z(ŷ|z) using the KDE:

f̂Ŷ |Z(ŷ|z) =
1

mzh

∑

i∈Iz

fk

(
ŷ − ŷ(i)

h

)
(8)

where Iz := {i : z(i) = z} and mz := |Iz|. This together with Ỹ := 1{Ŷ ≥ τ} gives:

P̂Ỹ |Z(1|z) =
∫ ∞

τ

f̂Ŷ |Z(ŷ|z)dŷ =
1

mz

∑

i∈Iz

Fk

(
τ − ŷ(i)

h

)

where Fk(ŷ) :=
∫∞
ŷ
fk(y)dy.

Proposition 1 Since fk(ŷ) is continuous and each ŷ(i) is a differentiable function w.r.t. w, P̂Ỹ |Z is
also differentiable. Using the chain rule, one can then compute its gradient as:

∇wP̂Ỹ |Z(1|z) =
1

mzh

∑

i∈Iz

fk

(
τ − ŷ(i)

h

)
· ∇wŷ(i). (9)

Now let us consider the DDP constrained optimization:

min
w

1− λ
m

m∑

i=1

`CE(y
(i), ŷ(i)) + λ · DDP (10)

where

DDP ≈
∑

z∈Z

∣∣∣P̂Ỹ |Z(1|z)− P̂Ỹ (1)
∣∣∣ and P̂Ỹ (1) =

∑

z∈Z

mz

m
P̂Ỹ |Z(1|z). (11)
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For tractability of the non-differentiable absolute function | · |, we employ the Huber loss [13]:

DDP ≈
∑

z∈Z
Hδ

(
P̂Ỹ |Z(1|z)− P̂Ỹ (1)

)
where Hδ(x) :=

{
1
2x

2 for |x| ≤ δ;
δ(|x| − 1

2δ) otherwise.

This together with (9) and (11) yields an approximation of the gradient of DDP:

∇wDDP ≈
∑

z∈Z
H ′δ

(
P̂Ỹ |Z(1|z)− P̂Ỹ (1)

)
· ∇w

(
P̂Ỹ |Z(1|z)− P̂Ỹ (1)

)
. (12)

We employ a neural network (NN) for w and gradient descent for training the fair classifier (10).
For a linear classifier, we can indeed compute the gradient explicitly, so we provide the closed-form
of the gradient in the supplementary. For general multi-layer NNs, on the other hand, an explicit
formula is rather messy to express, while it can readily be implemented with autograd under machine
learning frameworks. Hence, we do not leave the detailed formula for general NNs.

3.2 Equalized Odds

Taking the KDE approach, similarly we obtain:

P̂Ỹ |Z,Y (1|z, y) =
1

mzy

∑

i∈Izy

Fk

(
τ − ŷ(i)

h

)
(13)

where Izy := {i : z(i) = z, y(i) = y} and mzy := |Izy|. We can then compute the gradient w.r.t. w:

∇wP̂Ỹ |Z,Y (1|z, y) =
1

mzyh

∑

i∈Izy

fk

(
τ − ŷ(i)

h

)
· ∇wŷ(i). (14)

Now consider the DEO constrained optimization problem:

min
w

1− λ
m

m∑

i=1

`CE(y
(i), ŷ(i)) + λ · DEO. (15)

Again using the KDE together with the Huber loss, we approximate:

DEO ≈
∑

y∈{0,1}

∑

z∈Z
Hδ

(
P̂Ỹ |Z,Y (1|z, y)− P̂Ỹ |Y (1|y)

)
(16)

where P̂Ỹ |Y (1|y) =
∑
z∈Z

mzy

my
P̂Ỹ |Z,Y (1|z, y) and my := |{i : y(i) = y}|. This then yields:

∇wDEO ≈
∑

y∈{0,1}

∑

z∈Z
H ′δ

(
P̂Ỹ |Z,Y (1|z, y)− P̂Ỹ |Y (1|y)

)
· ∇w

(
P̂Ỹ |Z,Y (1|z, y)− P̂Ỹ |Y (1|y)

)
.

(17)

Again we employ an NN for w and provide the explicit gradient formula for a linear classifier in the
supplementary, while omitting complicated gradient expressions for general NNs. We use gradient
descent for training the fair classifier (15).

Remark 1 (Estimate accuracy of the KDE approach) In general, the KDE approach yields an
inaccurate distribution estimate under high-dimensional settings with a moderate amount of samples,
as the sample size required for a reasonably good estimate should scale exponentially with the
dimension [34, 32, 14]. However, this is not the case in our setting that emphasizes the binary
classifier. In our binary classifier setting ŷ ∈ R, the required sample size is not prohibitively large
even for a highly accurate estimate. �

Remark 2 (On the choice of the bandwidth h) While it is crucial to make a careful choice on h
for an accurate pdf estimate of Ŷ , it is not the case in our setting which targets only a “pmf” estimate
of a hard-decision value Ỹ . In fact, we find via experiments that a rough choice on h suffices to yield
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a good enough estimate of the pmf. The left plot in Fig. 1 shows a high sensitivity of the estimated
pdf of Ŷ w.r.t. different h’s, while the right table demonstrates the robustness of the estimated pmf of
Ỹ (:= 1{Ŷ > 0.5}) against various h’s. Nevertheless, a more accurate “pdf” estimate based on an
in-depth analysis revealing the bias-variance tradeoff [34, 35] would definitely yield a better pmf
estimate, thereby leading to enhanced performance. Hence, we conduct such theoretical analysis and
provide an in-depth discussion on the choice of h in the supplementary. �
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h = 0.001
<latexit sha1_base64="jrec5Hjj6BCHHv+ROOlKgf/ELP4=">AAAB7nicbVC7SgNBFL0bX3F9RS1tBoNgFWZtTBMM2lhGMA9IljA7mU2GzM4uM7NCWAL+go2FIrb+ib2df+NskkITD1zu4Zx7uY8gEVwbjL+dwtr6xuZWcdvd2d3bPygdHrV0nCrKmjQWseoERDPBJWsabgTrJIqRKBCsHYxvcr/9wJTmsbw3k4T5ERlKHnJKjJXaoxquYOz1S+U850CrxFuQ8tWnW3sEgEa/9NUbxDSNmDRUEK27Hk6MnxFlOBVs6vZSzRJCx2TIupZKEjHtZ7N1p+jMKgMUxsqGNGim/u7ISKT1JApsZUTMSC97ufif101NWPUzLpPUMEnng8JUIBOj/HY04IpRIyaWEKq43RXREVGEGvsh1z7BWz55lbQuKh6ueHe4XL+GOYpwAqdwDh5cQh1uoQFNoDCGJ3iBVydxnp03531eWnAWPcfwB87HD+W/kB0=</latexit><latexit sha1_base64="wPHd/srT63s8G96pBYxqC8kSm9w=">AAAB7nicbVC7SgNBFL0bX3F9RS1tBoNgFWZttAkGbSwjmAckS5idzCZDZmeXmVkhLPkIGwtFLGz8E3sb8W+cTVJo4oHLPZxzL/cRJIJrg/G3U1hZXVvfKG66W9s7u3ul/YOmjlNFWYPGIlbtgGgmuGQNw41g7UQxEgWCtYLRde637pnSPJZ3ZpwwPyIDyUNOibFSa1jFFYy9Xqmc5xxomXhzUr78cKvJ25db75U+u/2YphGThgqidcfDifEzogyngk3cbqpZQuiIDFjHUkkipv1suu4EnVilj8JY2ZAGTdXfHRmJtB5Hga2MiBnqRS8X//M6qQkv/IzLJDVM0tmgMBXIxCi/HfW5YtSIsSWEKm53RXRIFKHGfsi1T/AWT14mzbOKhyveLS7XrmCGIhzBMZyCB+dQgxuoQwMojOABnuDZSZxH58V5nZUWnHnPIfyB8/4D106RkQ==</latexit><latexit sha1_base64="wPHd/srT63s8G96pBYxqC8kSm9w=">AAAB7nicbVC7SgNBFL0bX3F9RS1tBoNgFWZttAkGbSwjmAckS5idzCZDZmeXmVkhLPkIGwtFLGz8E3sb8W+cTVJo4oHLPZxzL/cRJIJrg/G3U1hZXVvfKG66W9s7u3ul/YOmjlNFWYPGIlbtgGgmuGQNw41g7UQxEgWCtYLRde637pnSPJZ3ZpwwPyIDyUNOibFSa1jFFYy9Xqmc5xxomXhzUr78cKvJ25db75U+u/2YphGThgqidcfDifEzogyngk3cbqpZQuiIDFjHUkkipv1suu4EnVilj8JY2ZAGTdXfHRmJtB5Hga2MiBnqRS8X//M6qQkv/IzLJDVM0tmgMBXIxCi/HfW5YtSIsSWEKm53RXRIFKHGfsi1T/AWT14mzbOKhyveLS7XrmCGIhzBMZyCB+dQgxuoQwMojOABnuDZSZxH58V5nZUWnHnPIfyB8/4D106RkQ==</latexit><latexit sha1_base64="Ocqd247wtw1hk0m18Kop+PaSvXg=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4KlkvehGKXjxWsB/QLiWbpm1oNrsks0JZ+iO8eFDEq7/Hm//GbLsHbX0Q8nhvhpl5YaKkRUq/vbX1jc2t7dJOeXdv/+CwcnTcsnFquGjyWMWmEzIrlNSiiRKV6CRGsChUoh1O7nK//SSMlbF+xGkigoiNtBxKztBJ7fENrVHq9yvV/M9BVolfkCoUaPQrX71BzNNIaOSKWdv1aYJBxgxKrsSs3EutSBifsJHoOqpZJGyQzdedkXOnDMgwNu5pJHP1d0fGImunUegqI4Zju+zl4n9eN8XhdZBJnaQoNF8MGqaKYEzy28lAGsFRTR1h3Ei3K+FjZhhHl1DZheAvn7xKWpc1n9b8B1qt3xZxlOAUzuACfLiCOtxDA5rAYQLP8ApvXuK9eO/ex6J0zSt6TuAPvM8fdoeOUA==</latexit>

ŷ
<latexit sha1_base64="uR27Lwu4wcxPkhiID6fybSZZMCA="></latexit>

f
b Y
(ŷ

)
<latexit sha1_base64="Gb+oZZ1cMRkXwtECVvWYhYC7+o0="></latexit>

h
<latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="WMFgREX/nFG6T9vbwk3JTpCogGw=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5qzkeVGt+3V+IbUKwghqs1BhUv/rDVOQJahKKW9sL/IzCghuSQuGs3M8tZlxM+Ah7DjVP0IbFYtAZu3TOkMWpcUcTW7i/XxQ8sXaaRO5mwmls17O5+V/Wyym+DQups5xQi+VHca4YpWy+NRtKg4LU1AEXRrpZmRhzwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8fugOLmQ==</latexit><latexit sha1_base64="WMFgREX/nFG6T9vbwk3JTpCogGw=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5qzkeVGt+3V+IbUKwghqs1BhUv/rDVOQJahKKW9sL/IzCghuSQuGs3M8tZlxM+Ah7DjVP0IbFYtAZu3TOkMWpcUcTW7i/XxQ8sXaaRO5mwmls17O5+V/Wyym+DQups5xQi+VHca4YpWy+NRtKg4LU1AEXRrpZmRhzwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8fugOLmQ==</latexit><latexit sha1_base64="wd0aV0ZPYYeteM36VqpGLZ5Rv5w=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa40G15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPMuYzo</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit>

0.1
<latexit sha1_base64="l3rkITtf8dxwewhQmEp7C/s+WHU=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9eDW/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+Tax+8tq/aaIowwncArn4MMV1OEOGtAEBkN4hld4c4Tz4rw7H4vWklPMHMMfOJ8/U3yNJw==</latexit><latexit sha1_base64="l3rkITtf8dxwewhQmEp7C/s+WHU=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9eDW/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+Tax+8tq/aaIowwncArn4MMV1OEOGtAEBkN4hld4c4Tz4rw7H4vWklPMHMMfOJ8/U3yNJw==</latexit><latexit sha1_base64="l3rkITtf8dxwewhQmEp7C/s+WHU=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9eDW/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+Tax+8tq/aaIowwncArn4MMV1OEOGtAEBkN4hld4c4Tz4rw7H4vWklPMHMMfOJ8/U3yNJw==</latexit><latexit sha1_base64="l3rkITtf8dxwewhQmEp7C/s+WHU=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9eDW/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+Tax+8tq/aaIowwncArn4MMV1OEOGtAEBkN4hld4c4Tz4rw7H4vWklPMHMMfOJ8/U3yNJw==</latexit>

0.01
<latexit sha1_base64="CERbqwF9tYWzuWBXHvrHlD0A6vg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2Fpol5JN0zY0yS7JrFCW/gUvHhTx6h/y5r8x2+5BWx+EPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLft0P+tWa++YgqyQoSA0KNPvVr94gZqniGpmk1nYDP8EwowYFk3xW6aWWJ5RN6Ih3HdVUcRtm811n5MwpAzKMjXsayVz93ZFRZe1URa5SURzbZS8X//O6KQ6vw0zoJEWu2WLQMJUEY5IfTgbCcIZy6ghlRrhdCRtTQxm6eCouhGD55FXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sSgteUXPMfyB9/kDwbKNYQ==</latexit><latexit sha1_base64="CERbqwF9tYWzuWBXHvrHlD0A6vg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2Fpol5JN0zY0yS7JrFCW/gUvHhTx6h/y5r8x2+5BWx+EPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLft0P+tWa++YgqyQoSA0KNPvVr94gZqniGpmk1nYDP8EwowYFk3xW6aWWJ5RN6Ih3HdVUcRtm811n5MwpAzKMjXsayVz93ZFRZe1URa5SURzbZS8X//O6KQ6vw0zoJEWu2WLQMJUEY5IfTgbCcIZy6ghlRrhdCRtTQxm6eCouhGD55FXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sSgteUXPMfyB9/kDwbKNYQ==</latexit><latexit sha1_base64="CERbqwF9tYWzuWBXHvrHlD0A6vg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2Fpol5JN0zY0yS7JrFCW/gUvHhTx6h/y5r8x2+5BWx+EPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLft0P+tWa++YgqyQoSA0KNPvVr94gZqniGpmk1nYDP8EwowYFk3xW6aWWJ5RN6Ih3HdVUcRtm811n5MwpAzKMjXsayVz93ZFRZe1URa5SURzbZS8X//O6KQ6vw0zoJEWu2WLQMJUEY5IfTgbCcIZy6ghlRrhdCRtTQxm6eCouhGD55FXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sSgteUXPMfyB9/kDwbKNYQ==</latexit><latexit sha1_base64="CERbqwF9tYWzuWBXHvrHlD0A6vg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2Fpol5JN0zY0yS7JrFCW/gUvHhTx6h/y5r8x2+5BWx+EPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLft0P+tWa++YgqyQoSA0KNPvVr94gZqniGpmk1nYDP8EwowYFk3xW6aWWJ5RN6Ih3HdVUcRtm811n5MwpAzKMjXsayVz93ZFRZe1URa5SURzbZS8X//O6KQ6vw0zoJEWu2WLQMJUEY5IfTgbCcIZy6ghlRrhdCRtTQxm6eCouhGD55FXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sSgteUXPMfyB9/kDwbKNYQ==</latexit>

0.001
<latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit><latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit><latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Y5an5GRimx7JbjPSa4pxqj9BVMM=">AAAB4XicbVBNTwIxEJ3FL0RU9OqlkZh4Il0vejTx4hETF0hgQ7plFhq63U3bJSEbfoMXDxrjn/Lmv7ELHBR8STMv782kMy/KpDCW0m+vsrO7t39QPawd1Y9PThtn9Y5Jc80x4KlMdS9iBqVQGFhhJfYyjSyJJHaj6UPpd2eojUjVs51nGCZsrEQsOLNOCmiLUn/YaJa1BNkm/po0YY32sPE1GKU8T1BZLpkxfZ9mNiyYtoJLXNQGucGM8SkbY99RxRI0YbFcdkGunDIicardU5Ys1d8TBUuMmSeR60yYnZhNrxT/8/q5je/CQqgst6j46qM4l8SmpLycjIRGbuXcEca1cLsSPmGacevyqbkQ/M2Tt0nnpuXTlv9EoQoXcAnX4MMt3MMjtCEADgJe4A3ePeW9eh+ruCreOrdz+APv8wcVZoxE</latexit><latexit sha1_base64="Y5an5GRimx7JbjPSa4pxqj9BVMM=">AAAB4XicbVBNTwIxEJ3FL0RU9OqlkZh4Il0vejTx4hETF0hgQ7plFhq63U3bJSEbfoMXDxrjn/Lmv7ELHBR8STMv782kMy/KpDCW0m+vsrO7t39QPawd1Y9PThtn9Y5Jc80x4KlMdS9iBqVQGFhhJfYyjSyJJHaj6UPpd2eojUjVs51nGCZsrEQsOLNOCmiLUn/YaJa1BNkm/po0YY32sPE1GKU8T1BZLpkxfZ9mNiyYtoJLXNQGucGM8SkbY99RxRI0YbFcdkGunDIicardU5Ys1d8TBUuMmSeR60yYnZhNrxT/8/q5je/CQqgst6j46qM4l8SmpLycjIRGbuXcEca1cLsSPmGacevyqbkQ/M2Tt0nnpuXTlv9EoQoXcAnX4MMt3MMjtCEADgJe4A3ePeW9eh+ruCreOrdz+APv8wcVZoxE</latexit><latexit sha1_base64="nnuRWwNVP8kEleKyKxEvQ7TgG2I=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWS96LHoxWMFty20S8mm2TY0m12SrFCW/gYvHhTx6g/y5r8x2+5BWx+EPN6bYWZemEphLCHfqLKxubW9U92t7e0fHB7Vj086Jsk04z5LZKJ7ITVcCsV9K6zkvVRzGoeSd8PpXeF3n7g2IlGPdpbyIKZjJSLBqHWST5qEeMN6o/gL4HXilaQBJdrD+tdglLAs5soySY3peyS1QU61FUzyeW2QGZ5SNqVj3ndU0ZibIF8sO8cXThnhKNHuKYsX6u+OnMbGzOLQVcbUTsyqV4j/ef3MRjdBLlSaWa7YclCUSWwTXFyOR0JzZuXMEcq0cLtiNqGaMuvyqbkQvNWT10nnqumRpvdAGq3bMo4qnME5XIIH19CCe2iDDwwEPMMrvCGFXtA7+liWVlDZcwp/gD5/AC7pjZc=</latexit><latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit><latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit><latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit><latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit><latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit><latexit sha1_base64="q9iciDlpizt0xm0hyyqOPwReTJ8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ+Wfbw3w8y8MBVcG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMMfRZIhLVDalGwSX6hhuB3VQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzku03X9Qb1RvEXIKvEK0kDSrQH9a/+MGFZjNIwQbXueW5qgpwqw5nAWa2faUwpm9AR9iyVNEYd5PNlZ+TMKkMSJco+achc/d2R01jraRzaypiasV72CvE/r5eZ6DrIuUwzg5ItBkWZICYhxeVkyBUyI6aWUKa43ZWwMVWUGZtPzYbgLZ+8SjoXTc9teveXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseitOKUPcfwB87nDzApjZs=</latexit>

0.5055
<latexit sha1_base64="ZPCLK0+O3ZGlnI8fQ1F36wbSP6o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB05IVix6LXjxWsB/QLiWbZtvYbLIkWaGU/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7C2vrG5Vdwu7ezu7R+UD4+aRmWasgZVQul2RAwTXLKG5VawdqoZSSLBWtHodua3npg2XMkHO05ZmJCB5DGnxDqpif0qrlZ75Qr28RxolQQ5qUCOeq/81e0rmiVMWiqIMZ0ApzacEG05FWxa6maGpYSOyIB1HJUkYSaczK+dojOn9FGstCtp0Vz9PTEhiTHjJHKdCbFDs+zNxP+8Tmbj63DCZZpZJuliUZwJZBWavY76XDNqxdgRQjV3tyI6JJpQ6wIquRCC5ZdXSfPCD7Af3F9Wajd5HEU4gVM4hwCuoAZ3UIcGUHiEZ3iFN095L96797FoLXj5zDH8gff5A7QPjeM=</latexit><latexit sha1_base64="ZPCLK0+O3ZGlnI8fQ1F36wbSP6o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB05IVix6LXjxWsB/QLiWbZtvYbLIkWaGU/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7C2vrG5Vdwu7ezu7R+UD4+aRmWasgZVQul2RAwTXLKG5VawdqoZSSLBWtHodua3npg2XMkHO05ZmJCB5DGnxDqpif0qrlZ75Qr28RxolQQ5qUCOeq/81e0rmiVMWiqIMZ0ApzacEG05FWxa6maGpYSOyIB1HJUkYSaczK+dojOn9FGstCtp0Vz9PTEhiTHjJHKdCbFDs+zNxP+8Tmbj63DCZZpZJuliUZwJZBWavY76XDNqxdgRQjV3tyI6JJpQ6wIquRCC5ZdXSfPCD7Af3F9Wajd5HEU4gVM4hwCuoAZ3UIcGUHiEZ3iFN095L96797FoLXj5zDH8gff5A7QPjeM=</latexit><latexit sha1_base64="ZPCLK0+O3ZGlnI8fQ1F36wbSP6o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB05IVix6LXjxWsB/QLiWbZtvYbLIkWaGU/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7C2vrG5Vdwu7ezu7R+UD4+aRmWasgZVQul2RAwTXLKG5VawdqoZSSLBWtHodua3npg2XMkHO05ZmJCB5DGnxDqpif0qrlZ75Qr28RxolQQ5qUCOeq/81e0rmiVMWiqIMZ0ApzacEG05FWxa6maGpYSOyIB1HJUkYSaczK+dojOn9FGstCtp0Vz9PTEhiTHjJHKdCbFDs+zNxP+8Tmbj63DCZZpZJuliUZwJZBWavY76XDNqxdgRQjV3tyI6JJpQ6wIquRCC5ZdXSfPCD7Af3F9Wajd5HEU4gVM4hwCuoAZ3UIcGUHiEZ3iFN095L96797FoLXj5zDH8gff5A7QPjeM=</latexit><latexit sha1_base64="ZPCLK0+O3ZGlnI8fQ1F36wbSP6o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB05IVix6LXjxWsB/QLiWbZtvYbLIkWaGU/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7C2vrG5Vdwu7ezu7R+UD4+aRmWasgZVQul2RAwTXLKG5VawdqoZSSLBWtHodua3npg2XMkHO05ZmJCB5DGnxDqpif0qrlZ75Qr28RxolQQ5qUCOeq/81e0rmiVMWiqIMZ0ApzacEG05FWxa6maGpYSOyIB1HJUkYSaczK+dojOn9FGstCtp0Vz9PTEhiTHjJHKdCbFDs+zNxP+8Tmbj63DCZZpZJuliUZwJZBWavY76XDNqxdgRQjV3tyI6JJpQ6wIquRCC5ZdXSfPCD7Af3F9Wajd5HEU4gVM4hwCuoAZ3UIcGUHiEZ3iFN095L96797FoLXj5zDH8gff5A7QPjeM=</latexit>

0.5083
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<latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit><latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit><latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="7EqSSKSAlIv9OdF8ZyaryIDw/As=">AAAB53icbZBLSwMxFIXv1FetVatbN4NFcFVm3OhScOOygn3AtJRMeqcNzSRDckcsQ3+GGxeK+I/c+W9MHwttPRD4OCch9544k8JSEHx7pa3tnd298n7loHp4dFw7qbatzg3HFtdSm27MLEqhsEWCJHYzgyyNJXbiyd087zyhsUKrR5pm2E/ZSIlEcEbOinqEz1SQyXE2qNWDRrCQvwnhCuqwUnNQ++oNNc9TVMQlszYKg4z6BTMkuMRZpZdbzBifsBFGDhVL0faLxcgz/8I5Qz/Rxh1F/sL9/aJgqbXTNHY3U0Zju57Nzf+yKKfkpl8IleWEii8/SnLpk/bn+/tDYZCTnDpg3Ag3q8/HzDBOrqWKKyFcX3kT2leNMGiEDwGU4QzO4RJCuIZbuIcmtICDhhd4g3ePvFfvY1lXyVv1dgp/5H3+AMtWkGQ=</latexit><latexit sha1_base64="7EqSSKSAlIv9OdF8ZyaryIDw/As=">AAAB53icbZBLSwMxFIXv1FetVatbN4NFcFVm3OhScOOygn3AtJRMeqcNzSRDckcsQ3+GGxeK+I/c+W9MHwttPRD4OCch9544k8JSEHx7pa3tnd298n7loHp4dFw7qbatzg3HFtdSm27MLEqhsEWCJHYzgyyNJXbiyd087zyhsUKrR5pm2E/ZSIlEcEbOinqEz1SQyXE2qNWDRrCQvwnhCuqwUnNQ++oNNc9TVMQlszYKg4z6BTMkuMRZpZdbzBifsBFGDhVL0faLxcgz/8I5Qz/Rxh1F/sL9/aJgqbXTNHY3U0Zju57Nzf+yKKfkpl8IleWEii8/SnLpk/bn+/tDYZCTnDpg3Ag3q8/HzDBOrqWKKyFcX3kT2leNMGiEDwGU4QzO4RJCuIZbuIcmtICDhhd4g3ePvFfvY1lXyVv1dgp/5H3+AMtWkGQ=</latexit><latexit sha1_base64="x/zCxvWSavReiALOsin8qzr7rTQ=">AAAB8nicbVA9TwJBEN3DL8Qv1NJmIzGxInc2WhJtLDERMDkuZG8ZYMPe7mV3zkgu/AwbC42x9dfY+W9c4AoFXzLJy3szmZkXp1JY9P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGQ4trqc1DzCxIoaCFAiU8pAZYEkvoxOObmd95BGOFVvc4SSFK2FCJgeAMnRR2EZ4wR5PBtFet+XV/DrpKgoLUSIFmr/rV7WueJaCQS2ZtGPgpRjkzKLiEaaWbWUgZH7MhhI4qloCN8vnJU3rmlD4daONKIZ2rvydyllg7SWLXmTAc2WVvJv7nhRkOrqJcqDRDUHyxaJBJiprO/qd9YYCjnDjCuBHuVspHzDCOLqWKCyFYfnmVtC/qgV8P7vxa47qIo0xOyCk5JwG5JA1yS5qkRTjR5Jm8kjcPvRfv3ftYtJa8YuaY/IH3+QMRdpG9</latexit><latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit><latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit><latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit><latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit><latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit><latexit sha1_base64="xfzna3PbignKQym5lN38bDkaoUU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztJLfQ3jCHHUG03615tbdOegq8QpSIwWa/epXb5DwLAaFXDJjfM9NMciZRsElTCu9zEDK+JgNwbdUsRhMkM9PntIzqwxolGhbCulc/T2Rs9iYSRzazpjhyCx7M/E/z88wug5yodIMQfHFoiiTFBM6+58OhAaOcmIJ41rYWykfMc042pQqNgRv+eVV0r6oe27du7+sNW6KOMrkhJySc+KRK9Igd6RJWoSThDyTV/LmoPPivDsfi9aSU8wckz9wPn8AEraRwQ==</latexit>

Pr(eY = 1) = 0.5
<latexit sha1_base64="xj5422tNyK6arJx4a4S4SHrYQRg=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyERRTeFohuXFexDmlAmk5t26OTBzEQpIeDGX3HjQhG3/oQ7/8Zpm4VWD1w4nHMv997jJYwKaVlfWmlhcWl5pbxaWVvf2NzSt3faIk45gRaJWcy7HhbAaAQtSSWDbsIBhx6Djje6nPidO+CCxtGNHCfghngQ0YASLJXU1/cyp8nzmnNPfZCU+ZDd5nX7qG6Zp329apnWFMZfYhekigo0+/qn48ckDSGShGEheraVSDfDXFLCIK84qYAEkxEeQE/RCIcg3Gz6Q24cKsU3gpiriqQxVX9OZDgUYhx6qjPEcijmvYn4n9dLZXDuZjRKUgkRmS0KUmbI2JgEYviUA5FsrAgmnKpbDTLEHBOpYquoEOz5l/+S9rFpW6Z9fVJtXBRxlNE+OkA1ZKMz1EBXqIlaiKAH9IRe0Kv2qD1rb9r7rLWkFTO76Be0j2975Ja8</latexit><latexit sha1_base64="xj5422tNyK6arJx4a4S4SHrYQRg=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyERRTeFohuXFexDmlAmk5t26OTBzEQpIeDGX3HjQhG3/oQ7/8Zpm4VWD1w4nHMv997jJYwKaVlfWmlhcWl5pbxaWVvf2NzSt3faIk45gRaJWcy7HhbAaAQtSSWDbsIBhx6Djje6nPidO+CCxtGNHCfghngQ0YASLJXU1/cyp8nzmnNPfZCU+ZDd5nX7qG6Zp329apnWFMZfYhekigo0+/qn48ckDSGShGEheraVSDfDXFLCIK84qYAEkxEeQE/RCIcg3Gz6Q24cKsU3gpiriqQxVX9OZDgUYhx6qjPEcijmvYn4n9dLZXDuZjRKUgkRmS0KUmbI2JgEYviUA5FsrAgmnKpbDTLEHBOpYquoEOz5l/+S9rFpW6Z9fVJtXBRxlNE+OkA1ZKMz1EBXqIlaiKAH9IRe0Kv2qD1rb9r7rLWkFTO76Be0j2975Ja8</latexit><latexit sha1_base64="xj5422tNyK6arJx4a4S4SHrYQRg=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyERRTeFohuXFexDmlAmk5t26OTBzEQpIeDGX3HjQhG3/oQ7/8Zpm4VWD1w4nHMv997jJYwKaVlfWmlhcWl5pbxaWVvf2NzSt3faIk45gRaJWcy7HhbAaAQtSSWDbsIBhx6Djje6nPidO+CCxtGNHCfghngQ0YASLJXU1/cyp8nzmnNPfZCU+ZDd5nX7qG6Zp329apnWFMZfYhekigo0+/qn48ckDSGShGEheraVSDfDXFLCIK84qYAEkxEeQE/RCIcg3Gz6Q24cKsU3gpiriqQxVX9OZDgUYhx6qjPEcijmvYn4n9dLZXDuZjRKUgkRmS0KUmbI2JgEYviUA5FsrAgmnKpbDTLEHBOpYquoEOz5l/+S9rFpW6Z9fVJtXBRxlNE+OkA1ZKMz1EBXqIlaiKAH9IRe0Kv2qD1rb9r7rLWkFTO76Be0j2975Ja8</latexit><latexit sha1_base64="xj5422tNyK6arJx4a4S4SHrYQRg=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyERRTeFohuXFexDmlAmk5t26OTBzEQpIeDGX3HjQhG3/oQ7/8Zpm4VWD1w4nHMv997jJYwKaVlfWmlhcWl5pbxaWVvf2NzSt3faIk45gRaJWcy7HhbAaAQtSSWDbsIBhx6Djje6nPidO+CCxtGNHCfghngQ0YASLJXU1/cyp8nzmnNPfZCU+ZDd5nX7qG6Zp329apnWFMZfYhekigo0+/qn48ckDSGShGEheraVSDfDXFLCIK84qYAEkxEeQE/RCIcg3Gz6Q24cKsU3gpiriqQxVX9OZDgUYhx6qjPEcijmvYn4n9dLZXDuZjRKUgkRmS0KUmbI2JgEYviUA5FsrAgmnKpbDTLEHBOpYquoEOz5l/+S9rFpW6Z9fVJtXBRxlNE+OkA1ZKMz1EBXqIlaiKAH9IRe0Kv2qD1rb9r7rLWkFTO76Be0j2975Ja8</latexit>

cPr(eY = 1)
<latexit sha1_base64="SHi4HF1KpMAzMQpm5+Tlo/6qBy8=">AAACB3icbVDLSsNAFJ34rPVVdSlIsAh1UxIRdCMU3bisYB/ShjKZ3LZDJ5Mwc6OUkJ0bf8WNC0Xc+gvu/Bunj4W2Hrhw5px7mXuPHwuu0XG+rYXFpeWV1dxafn1jc2u7sLNb11GiGNRYJCLV9KkGwSXUkKOAZqyAhr6Ahj+4GvmNe1CaR/IWhzF4Ie1J3uWMopE6hYP2Aw+gTzFtV1VWGr+QiwDSu+zCPe4Uik7ZGcOeJ+6UFMkU1U7hqx1ELAlBIhNU65brxOilVCFnArJ8O9EQUzagPWgZKmkI2kvHd2T2kVECuxspUxLtsfp7IqWh1sPQN50hxb6e9Ubif14rwe65l3IZJwiSTT7qJsLGyB6FYgdcAUMxNIQyxc2uNutTRRma6PImBHf25HlSPym7Ttm9OS1WLqdx5Mg+OSQl4pIzUiHXpEpqhJFH8kxeyZv1ZL1Y79bHpHXBms7skT+wPn8A9oaZVg==</latexit><latexit sha1_base64="SHi4HF1KpMAzMQpm5+Tlo/6qBy8=">AAACB3icbVDLSsNAFJ34rPVVdSlIsAh1UxIRdCMU3bisYB/ShjKZ3LZDJ5Mwc6OUkJ0bf8WNC0Xc+gvu/Bunj4W2Hrhw5px7mXuPHwuu0XG+rYXFpeWV1dxafn1jc2u7sLNb11GiGNRYJCLV9KkGwSXUkKOAZqyAhr6Ahj+4GvmNe1CaR/IWhzF4Ie1J3uWMopE6hYP2Aw+gTzFtV1VWGr+QiwDSu+zCPe4Uik7ZGcOeJ+6UFMkU1U7hqx1ELAlBIhNU65brxOilVCFnArJ8O9EQUzagPWgZKmkI2kvHd2T2kVECuxspUxLtsfp7IqWh1sPQN50hxb6e9Ubif14rwe65l3IZJwiSTT7qJsLGyB6FYgdcAUMxNIQyxc2uNutTRRma6PImBHf25HlSPym7Ttm9OS1WLqdx5Mg+OSQl4pIzUiHXpEpqhJFH8kxeyZv1ZL1Y79bHpHXBms7skT+wPn8A9oaZVg==</latexit><latexit sha1_base64="SHi4HF1KpMAzMQpm5+Tlo/6qBy8=">AAACB3icbVDLSsNAFJ34rPVVdSlIsAh1UxIRdCMU3bisYB/ShjKZ3LZDJ5Mwc6OUkJ0bf8WNC0Xc+gvu/Bunj4W2Hrhw5px7mXuPHwuu0XG+rYXFpeWV1dxafn1jc2u7sLNb11GiGNRYJCLV9KkGwSXUkKOAZqyAhr6Ahj+4GvmNe1CaR/IWhzF4Ie1J3uWMopE6hYP2Aw+gTzFtV1VWGr+QiwDSu+zCPe4Uik7ZGcOeJ+6UFMkU1U7hqx1ELAlBIhNU65brxOilVCFnArJ8O9EQUzagPWgZKmkI2kvHd2T2kVECuxspUxLtsfp7IqWh1sPQN50hxb6e9Ubif14rwe65l3IZJwiSTT7qJsLGyB6FYgdcAUMxNIQyxc2uNutTRRma6PImBHf25HlSPym7Ttm9OS1WLqdx5Mg+OSQl4pIzUiHXpEpqhJFH8kxeyZv1ZL1Y79bHpHXBms7skT+wPn8A9oaZVg==</latexit><latexit sha1_base64="SHi4HF1KpMAzMQpm5+Tlo/6qBy8=">AAACB3icbVDLSsNAFJ34rPVVdSlIsAh1UxIRdCMU3bisYB/ShjKZ3LZDJ5Mwc6OUkJ0bf8WNC0Xc+gvu/Bunj4W2Hrhw5px7mXuPHwuu0XG+rYXFpeWV1dxafn1jc2u7sLNb11GiGNRYJCLV9KkGwSXUkKOAZqyAhr6Ahj+4GvmNe1CaR/IWhzF4Ie1J3uWMopE6hYP2Aw+gTzFtV1VWGr+QiwDSu+zCPe4Uik7ZGcOeJ+6UFMkU1U7hqx1ELAlBIhNU65brxOilVCFnArJ8O9EQUzagPWgZKmkI2kvHd2T2kVECuxspUxLtsfp7IqWh1sPQN50hxb6e9Ubif14rwe65l3IZJwiSTT7qJsLGyB6FYgdcAUMxNIQyxc2uNutTRRma6PImBHf25HlSPym7Ttm9OS1WLqdx5Mg+OSQl4pIzUiHXpEpqhJFH8kxeyZv1ZL1Y79bHpHXBms7skT+wPn8A9oaZVg==</latexit>

True value
<latexit sha1_base64="L/la0hD2fvrWcr7WAeRxJ09/0r0=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi8cIeUGyhNlJbzJk9sFMbzSs+RQvHhTx6pd482+cJHvQxIKGoqqb7i4/kUKj43xba+sbm1vbhZ3i7t7+waFdOmrqOFUcGjyWsWr7TIMUETRQoIR2ooCFvoSWP7qd+a0xKC3iqI6TBLyQDSIRCM7QSD271EV4xKyuUqBjJlOY9uyyU3HmoKvEzUmZ5Kj17K9uP+ZpCBFyybTuuE6CXsYUCi5hWuymGhLGR2wAHUMjFoL2svnpU3pmlD4NYmUqQjpXf09kLNR6EvqmM2Q41MveTPzP66QYXHuZiJIUIeKLRUEqKcZ0lgPtCwUc5cQQxpUwt1I+ZIpxNGkVTQju8surpHlRcZ2Ke39Zrt7kcRTICTkl58QlV6RK7kiNNAgnD+SZvJI368l6sd6tj0XrmpXPHJM/sD5/ALzUlEs=</latexit><latexit sha1_base64="L/la0hD2fvrWcr7WAeRxJ09/0r0=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi8cIeUGyhNlJbzJk9sFMbzSs+RQvHhTx6pd482+cJHvQxIKGoqqb7i4/kUKj43xba+sbm1vbhZ3i7t7+waFdOmrqOFUcGjyWsWr7TIMUETRQoIR2ooCFvoSWP7qd+a0xKC3iqI6TBLyQDSIRCM7QSD271EV4xKyuUqBjJlOY9uyyU3HmoKvEzUmZ5Kj17K9uP+ZpCBFyybTuuE6CXsYUCi5hWuymGhLGR2wAHUMjFoL2svnpU3pmlD4NYmUqQjpXf09kLNR6EvqmM2Q41MveTPzP66QYXHuZiJIUIeKLRUEqKcZ0lgPtCwUc5cQQxpUwt1I+ZIpxNGkVTQju8surpHlRcZ2Ke39Zrt7kcRTICTkl58QlV6RK7kiNNAgnD+SZvJI368l6sd6tj0XrmpXPHJM/sD5/ALzUlEs=</latexit><latexit sha1_base64="L/la0hD2fvrWcr7WAeRxJ09/0r0=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi8cIeUGyhNlJbzJk9sFMbzSs+RQvHhTx6pd482+cJHvQxIKGoqqb7i4/kUKj43xba+sbm1vbhZ3i7t7+waFdOmrqOFUcGjyWsWr7TIMUETRQoIR2ooCFvoSWP7qd+a0xKC3iqI6TBLyQDSIRCM7QSD271EV4xKyuUqBjJlOY9uyyU3HmoKvEzUmZ5Kj17K9uP+ZpCBFyybTuuE6CXsYUCi5hWuymGhLGR2wAHUMjFoL2svnpU3pmlD4NYmUqQjpXf09kLNR6EvqmM2Q41MveTPzP66QYXHuZiJIUIeKLRUEqKcZ0lgPtCwUc5cQQxpUwt1I+ZIpxNGkVTQju8surpHlRcZ2Ke39Zrt7kcRTICTkl58QlV6RK7kiNNAgnD+SZvJI368l6sd6tj0XrmpXPHJM/sD5/ALzUlEs=</latexit><latexit sha1_base64="L/la0hD2fvrWcr7WAeRxJ09/0r0=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi8cIeUGyhNlJbzJk9sFMbzSs+RQvHhTx6pd482+cJHvQxIKGoqqb7i4/kUKj43xba+sbm1vbhZ3i7t7+waFdOmrqOFUcGjyWsWr7TIMUETRQoIR2ooCFvoSWP7qd+a0xKC3iqI6TBLyQDSIRCM7QSD271EV4xKyuUqBjJlOY9uyyU3HmoKvEzUmZ5Kj17K9uP+ZpCBFyybTuuE6CXsYUCi5hWuymGhLGR2wAHUMjFoL2svnpU3pmlD4NYmUqQjpXf09kLNR6EvqmM2Q41MveTPzP66QYXHuZiJIUIeKLRUEqKcZ0lgPtCwUc5cQQxpUwt1I+ZIpxNGkVTQju8surpHlRcZ2Ke39Zrt7kcRTICTkl58QlV6RK7kiNNAgnD+SZvJI368l6sd6tj0XrmpXPHJM/sD5/ALzUlEs=</latexit>

Estimated values
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Figure 1: (Left) The pdf estimates of Ŷ via KDE using 10,000 examples from the normal distribution
N (0.5, 1) for different bandwidths h ∈ {0.1, 0.01, 0.001}; (Right) The pmf estimates of Ỹ (:=

1{Ŷ > 0.5}) via KDE for different h’s; (Implication) Relative to the pdf estimate of Ŷ , the pmf
estimate of Ỹ is much more robust to a choice of h.

Remark 3 (Faithful implementation of fairness measures & beneficial consequences) One key
benefit of our approach is that it enables direct computation of interested fairness measures without
relying on any fairness proxies such as covariance function [42]. Hence, we can ease training with
standard gradient-based optimizers such as stochastic gradient descent (SGD) and Adam optimizer.
We conduct extensive experiments on synthetic and benchmark real datasets to demonstrate that: (1)
our algorithm outperforms prior fair classifiers in tradeoff performance both w.r.t. DDP and DEO;
(2) it ensures stability in training unlike adversarial learning approaches; (3) the performance of our
algorithm is robust to a choice of hyperparameters employed in the approach. �

4 Experiments

We provide experimental results conducted on synthetic and four benchmark real datasets (COM-
PAS [2], Adult Census [6], Law School Admissions [36], and Credit Card Default [6, 39]). We
implement our algorithm in PyTorch [26], and all experiments are performed on a server with GeForce
GTX 1080 Ti GPUs. All of our results are on a separate test set.

4.1 Synthetic Dataset

We employ a simple yet non-trivial dataset (called the Moon dataset [27]) in which data are not
linearly separable. See the left figure in Fig. 2. We consider a setting in which x has two non-sensitive
attributes (say x1 and x2), z is ternary, and y is binary (say y = 1 for a positive outcome; y = 0
otherwise). We leave a more detailed explanation of synthetic data generation in the supplementary.
The dataset includes 15,000 examples, which are then split into two subsets: 80% train set (mtrain =
12, 000) and 20% test set (mtest = 3, 000). We train fair classifiers with a 2-layer NN with 16 hidden
nodes. For our approach, we set hyperparameters δ (of the Huber function) and h to be 1 and 0.1,
respectively. A theoretical insight on the choice of h is provided in the supplementary. We use the
batch size of 512. We use Adam optimizer and its default parameters (β1, β2) = (0.9, 0.999) with
the learning rate of 10−2.

Fig. 2 demonstrates accuracy-fairness tradeoff w.r.t. DDP, evaluated on the synthetic test set. In our
approach, we sweep the tuning knob λ from 0 and 1. Here each point corresponds to a particular λ
and it represents an average value over 5 trials with different seeds in training. We observe that our
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Figure 2: (Left) Visualization of our synthetic dataset; (Middle) Accuracy-fairness tradeoff w.r.t.
demographic parity on the synthetic dataset; (Right) Accuracy-fairness tradeoff w.r.t. equalized odds
on the synthetic dataset

algorithm outperforms by respectful margins the other baselines: (i) Zafar et al. [42] (a covariance-
fairness-proxy-based classifier); (ii) Zhang et al. [44] (a GAN-based fair classifier). We also see that
a covariance-based algorithm cannot achieve DDP performance below a certain level. We expect this
may be because a small covariance does not necessarily guarantee statistical independence.

The right figure of Fig. 2 exhibits training stability. We compare ours to a state-of-the-art adversarial
learning approach [44]. Here each point represents a performance evaluated only on a particular seed
in training. So the variability of different points captures the degree of stability in training; the more
dispersed, the more unstable. We see that [44] yields more spread points, relative to ours, meaning
that our algorithm is more stable.

4.2 Real Datasets

We employ four benchmark real datasets: COMPAS [2], Adult Census [6], Law School Admis-
sions [36], and Credit Card Default [6, 39]:

• COMPAS: The associated task is to predict the recidivism of criminals. We use 3,536 train
examples and 1,742 test examples1. We construct x with 8 normal features (age, criminal
history, and more) and choose “race” (white vs. non-white) and “sex” for z.

• Adult Census: The associated task is to predict whether the annual income of an individual
is above $50,000. This dataset provides mtrain = 32, 561 and mtest = 12, 661 examples [6].
We pre-process the data in the same way as done in [22]2 with “white-vs-non-white race”
and “gender” as sensitive attributes.

• Law School Admissions: The task of interest is to predict whether an applicant gets an
admission from a law school. Normal features include LSAT score, undergraduate GPA,
gender and more, while the sensitive attribute is “white-vs-non-white race” [36]. We split
the data into two subsets with mtrain = 77, 267 and mtest = 19, 317.

• Credit Card Default: The target task is to predict whether a credit card user declares a
default in the coming month. Age, education, marriage, and prior payment records are
included in x, while z refers to gender. We use 20% (mtest = 6, 000) as a test set out of
total m = 30, 000 examples.

Note that we consider multiple sensitive attributes (|Z| = 4) on COMPAS and Adult Census, while
we use only one sensitive attribute for the others. For comparison, we consider five baselines: (i) Zafar
et al. [42]; (ii) Zhang et al. [44]; (iii) Agarwal et al. [1]; (iv) Hardt et al. [12]; (v) Narasimhan [25].
We employ a 2-layer NN with 16 hidden nodes for all the baselines except for Zafar et al. [42] and
Narasimhan [25], as the algorithms in [42] and [25] rely on convex optimization. More specifically,
we use a kernel SVM for [42] and logistic regression for [25]. For a discriminator in Zhang et al. [44],
we use a 2-layer NN (with 16 hidden nodes) on datasets with multiple sensitive attributes (COMPAS

1https://github.com/microsoft/tempeh
2https://github.com/slundberg/shap
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Figure 3: (Left) Accuracy-fairness tradeoff w.r.t. Demographic Parity evaluated on the COMPAS
dataset; (Right) Equalized Odds counterpart.

0.83 0.84 0.84 0.85 0.85 0.86
Accuracy

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

DD
P

Agarwal et al. [1]
Proposed
Zafar et al. [42]
(Kernel SVM)
Zhang et al. [44]

0.84 0.84 0.85 0.85 0.86
Accuracy

0.1

0.2

0.3

0.4

0.5

DE
O

Agarwal et al. [1]
Proposed
Zafar et al. [41]
(Kernel SVM)
Zhang et al. [44]

Figure 4: (Left) Accuracy-fairness tradeoff w.r.t. Demographic Parity evaluated on the Adult Census
Income dataset; (Right) Equalized Odds counterpart.

and Adult Census) and linear on the other datasets. The left plot in Fig. 3 shows accuracy-fairness
tradeoff w.r.t. DDP evaluated on COMPAS. Each point corresponds to a particular tuning knob
and it represents an average value over 5 trials with different random seeds. Off-the-scale curves
for low-performance baselines are not shown. We observe in the plot that the proposed algorithm
achieves the best tradeoff. We also obtain similar results w.r.t. equalized odds as in the right plot
of Fig. 3, except that the baseline [42] is replaced by [41]. We obtain the result that the proposed
algorithm achieves near best tradeoff while being comparable to Agarwal et al. [1] on Adult Census.
Another aspect, not reflected here in the plot, yet which we wish to emphasize, is computational
complexity. Since Agarwal et al. [1] require multiple rounds of training, their algorithm exhibits
significant computational time, which is much higher relative to ours. Explicit running times are
reported in the supplementary. We also obtain similar results on the other two datasets: Law Shcool
Admissions and Credit Card Default which leave in the supplementary.

5 Extension to multiclass classification

We now present a simple extension to multiclass setting where each element Ŷi of the softmax
output Ŷ ∈ R|Y| can be interpreted as Pr(Y = i|X = x, Z = z). A hard decision value of the
prediction is determined by: Ỹ = argmaxi Ŷi. A multiclass classifier satisfies demographic parity if
PỸ (y) = PỸ |Z(y|z),∀y ∈ Y and ∀z ∈ Z . This naturally leads to the following form of DDP:

DDP :=
∑

y

∑

z

|Pr(Ỹ = y|Z = z)− Pr(Ỹ = y)|. (18)
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By using the fact that

Ŷj > 0.5⇒ argmax
i
Ŷi = j, (19)

we estimate Pr(Ỹ = y|Z = z) and Pr(Ỹ = y) as a differentiable function of w:

P̂Ỹ |Z(y|z) ≈ Pr(Ŷj > 0.5|Z = z) =

∫ ∞

0.5

f̂Ŷj |Z(ŷ|z)dŷ =
1

mz

∑

i∈Iz

Fk

(
τ − ŷ(i)j

h

)
. (20)

Then similarly with the binary case in (12), we can obtain the gradient ∇wDDP. We provide
experimental results of such extension on a synthetic dataset with three classes. We leave a more
detailed explanation of this dataset in the supplementary. We train fair classifiers with a 2-layer NN
with 16 hidden nodes. We observe that our simple extension offers respectful margins especially
in the perfect fairness regime. For comparison, we consider the One-vs-all extension of (i) Zafar et
al. [42] w/ Kernel SVMs and (ii) Zhang et al. [44] that naturally extends to the multiclass setting.

Figure 5: (Left) Visualization of 3-way Gaussian synthetic dataset; (Right) Accuracy-fairness trade-off
w.r.t demographic parity with a 2-layer NN.

6 Conclusion

We proposed a computationally efficient KDE-based fair classifier under a binary classification
setting that achieves the best accuracy-fairness tradeoff while enjoying the standard gradient-based
optimizers via obtaining a differentiable cost function. The proposed algorithm also yields an
improved performance in training stability that GAN-based fair classifiers suffer from. The beneficial
aspects of our algorithm are well presented via a variety of synthetic and real-data experiments w.r.t.
two major group fairness measures: demographic parity and equalized odds. One future work of
interest is to extend to other fairness notions such as individual fairness and causality-based fairness.

9



Broader Impact

The optimality-efficiency-stability aspects of our algorithm will offer an opportunity to replace the
current fair classifiers which either are far from optimality, entail high complexity, and/or suffer from
the stability issue. In particular, our optimization framework will play a role in stabilizing the training,
which many of the GAN-based fair classifiers suffer from. Hence, it can give significant impacts
upon a widening array of machine learning systems that have relied upon GAN-based architectures,
being powerful in a wide variety of applications.

The current KDE approach is tailored for the binary classifier setting. Hence, a naive extension
to general multiclass classifiers (high-dimensional settings) might incur an inaccurate estimate of
an interested distribution, thus potentially exhibiting a poor accuracy-fairness tradeoff. Another
flip side lies in its robustness against adversarial attacks. It was recently reported in [29] that
existing fair classifiers are vulnerable to biased and/or poisoned data. An initial effort has also been
made in the same paper to address both fairness and robustness issues. Hence, one future work of
great potential might be to gracefully merge the idea in [29] with ours, potentially together with a
non-straightforward extension to multiclass classifier settings.
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