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Adversarial Top-K Ranking
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Abstract— We study the top- K ranking problem where the goal
is to recover the set of top-K ranked items out of a large collection
of items based on partially revealed preferences. We consider an
adversarial crowdsourced setting where there are two population
sets, and pairwise comparison samples drawn from one of the
populations follow the standard Bradley-Terry-Luce model (i.e.,
the chance of item i beating item j is proportional to the relative
score of item i to item j), while in the other population, the
corresponding chance is inversely proportional to the relative
score. When the relative size of the two populations is known,
we characterize the minimax limit on the sample size required
(up to a constant) for reliably identifying the top-K items, and
demonstrate how it scales with the relative size. Moreover, by
leveraging a tensor decomposition method for disambiguating
mixture distributions, we extend our result to the more realistic
scenario, in which the relative population size is unknown, thus
establishing an upper bound on the fundamental limit of the
sample size for recovering the top-K set.

Index Terms— Adversarial population, Bradley-Terry-Luce
model, crowdsourcing, minimax optimality, sample complexity,
top-K ranking, tensor decompositions.

I. INTRODUCTION

ANKING is one of the fundamental problems that has

proved crucial in a wide variety of contexts—social
choice [1], [2], web search and information retrieval [3],
recommendation systems [4], ranking individuals by group
comparisons [5] and crowdsourcing [6], to name a few. Due
to its wide applicability, a large volume of work on ranking
has been done. The two main paradigms in the literature
include spectral ranking algorithms [3], [7], [8] and maxi-
mum likelihood estimation (MLE) [9]. While these ranking
schemes yield reasonably good estimates which are faithful
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globally w.r.t. the latent preferences (i.e., low {» loss), it is
not necessarily guaranteed that this results in optimal ranking
accuracy. Accurate ranking has more to do with how well the
ordering of the estimates matches that of the true preferences
(a discrete/combinatorial optimization problem), and less to
do with how well we can estimate the true preferences
(a continuous optimization problem).

In applications, a ranking algorithm that outputs a total
ordering of all the items is not only overkill, but it also
unnecessarily increases complexity. Often, we pay attention
to only a few significant items. Thus, recent work such as
that by Chen and Suh [10] studied the top-K identification
task. Here, one aims to recover a correct set of top-ranked
items only. This work characterized the minimax limit on the
sample size required (i.e., the sample complexity) for reli-
able top-K ranking, assuming the Bradley-Terry-Luce (BTL)
model [11], [12].

While this result is concerned with practical issues, there
are still limitations when modeling other realistic scenarios.
The BTL model considered in [10] assumes that the quality
of pairwise comparison information which forms the basis
of the model is the same across annotators. In reality (e.g.,
crowdsourced settings), however, the quality of the information
can vary significantly across different annotators. For instance,
there may be a non-negligible fraction of spammers who
provide answers in an adversarial manner. In the context of
adversarial web search [13], web contents can be maliciously
manipulated by spammers for commercial, social, or political
benefits in a robust manner. Alternatively, there may exist false
information such as false voting in social networks and fake
ratings in recommendation systems [14].

A. Our Model and Justifications for the Model

As an initial effort to address this challenge, we investigate
a so-called adversarial BTL model, which postulates the exis-
tence of two sets of populations—the faithful and adversarial
populations, each of which has proportion # and 1 — 7
respectively. Specifically we consider a BTL-based pairwise
comparison model in which there exist latent variables indi-
cating ground-truth preference scores of items. In this model, it
is assumed that comparison samples drawn from the faithful
population follow the standard BTL model (the probability
of item i beating item j is proportional to item i’s relative
score to item j), and those of the adversarial population act
in an “opposite” manner, i.e., the probability of i beating j is
inversely proportional to the relative score. See Fig. 1.

This model may, at a first glance, seem somewhat contrived
and artificial. However, we believe that it is justified as an
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Fig. 1. Adversarial top-K ranking given samples ¥ = { Yl.(j[)} where (i, j) € £
and & is the edge set of an ErdGs-Rényi random graph.
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initial step to study the fundamental limits of ranking in
adversarial settings due to the following reasons.

« Nowadays, it is of paramount importance for retailers
(like hotels and restaurants) to have outstanding recom-
mendations of their establishments on the Web. For exam-
ple, the websites Tripadvisor and Zagat (or Yelp) provide
recommendation and ratings for hotels and restaurants
respectively. Let us work with hotels. Suppose there are
two hotels A and B owned by Alice and Bob respectively
and they are competing for businesses in the same city,
say €. All of the tourists who come to ¢ are nice and
honest and provide decent ratings (more precisely, pair-
wise rankings) of both hotels and these rankings follow a
standard BTL model parametrized by a latent vector w.
However, because Alice wants to beat Bob in attracting
tourists to her hotel A, Alice hires spammers to flood
Tripadvisor with “opposite” and indeed unfavorable rat-
ings. These are generated from the opposite BTL model
parametrized by w’ = fliplr(w) (i.e., the preference vector
is flipped). Now, because Alice wants to be circumspect
in her egregious actions (to minimize the likelihood of
being caught), she will not ask her spammers to say that
B is terribly bad, corresponding to B having completely
negative ratings all the time. Alice will ask spammers to
write less-than-positive reviews (i.e., “flipped” reviews)
about B on Tripadvisor so as to induce some subtle yet
adversarial behavior into the system (parametrized by w’),
resulting in B having worse ratings than it should have.
Now the machine learning task at hand is to be cognizant
of the presence of spammers, uncover the true rankings
of hotels in €, and possibly also to learn the proportion of
spammers. In a more realistic scenario, there is a network
of hotels represented by a sparse graph in which pairs
of hotels that are linked in the graph try to undermine
each others’ businesses as for the pairwise scenario
involving A and B.

o The other motivation is mathematical tractability: By
having the adversarial population have the same (yet
reordered) parameters compared to the faithful popula-
tion, the number of parameters in the model is reduced
(halved), hence the learning task becomes significantly
more tractable (cf. Lemma 6). However, the complexity
of the task of obtaining provable bounds, especially if
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one seeks globally optimal estimates for the unknown
parameters (e.g., 7), is still readily apparent from our
analyses and results.

B. Main Contributions

We seek to characterize the fundamental limits on the
sample size required for top-K ranking, and to develop com-
putationally efficient ranking algorithms. There are two main
contributions in this paper.

Building upon RankCentrality [7] and SpectralMLE [10],
we develop a ranking algorithm to characterize the minimax
limit required for top-K ranking, up to constant factors, for
the n-known scenario. We also show the minimax optimality
of our ranking scheme by proving a converse or impossibility
result that applies to any ranking algorithm using information-
theoretic methods. As a result, we find that the sample com-
plexity is inversely proportional to (277 — 1)2, which suggests
that less distinct the population sizes, the larger the sample
complexity. We also demonstrate that our result recovers that
of the # = 1 case in [10], so the work contained herein is a
strict generalization of that in [10].

The second contribution is to establish an upper bound
on the sample complexity for the more practically-relevant
scenario where # is unknown. A novel procedure based on
tensor decomposition approaches in Jain and Oh [15] and
Anandkumar et al. [16] is proposed to first obtain an estimate
of the parameter # that is in a neighborhood of 7, ie.,
we seek to obtain an e-globally optimal solution. This is
usually not guaranteed by traditional iterative methods such
as Expectation Maximization [17]. Subsequently, the estimate
is then used in the ranking algorithm that assumes knowledge
of . We demonstrate that this algorithm leads to an order-wise
worse sample complexity relative to the n-known case. Our
theoretical analyses suggest that the degradation is unavoidable
if we employ this natural two-step procedure.

Let us, at this point, comment informally on some of the
mathematical complexities in the derivations of our results,
specifically for the case in which # is unknown. After a careful
analysis of a non-asymptotic sample complexity bound on
disambiguating mixtures in [15, Th. 3], we deduce that for
any ¢,0 > 0, with probability exceeding 1 — J, there exists an
algorithm (based on tensor decompositions) that produces an
estimate of #, called 7, satisfying

ln—nl=<e 1
if the sample size L satisfies
L=a(tiog” )
= —log— ).
2 %5

For a precise statement of claim, please see Lemma 5. Here
we observe a subtle tradeoff. If we drive the estimation error
|# — n| down (i.e., ¢ in (1) is small), then the f~ error
of the preference vector ||w — W||e (in the actual ranking
algorithm) would also go down. However, according to (2),
the sample size would then increase. On the other hand, if
|# — n| is not small, then the sample size required decreases
but the ranking accuracy, measured according to |w — @|co,
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would be adversely affected. Thus, our analysis entails finding
a “sweet spot” for the accuracy of learning # (for (1)) by
balancing the two competing objectives (of sample size and
ranking accuracy) to find the best achievable sample com-
plexity using the current strategy. This, we feel, is the main
non-trivial aspect of our analyses. Such a technique, while
being extremely useful in our context, may also be applicable
to other multi-stage estimation and learning tasks in machine
learning as one needs to carefully “balance” the estimation
quality of the first stage with the eventual learning outcome
after all stages are completed.

C. Related Work

The most relevant related works are those by
Chen and Suh [10], Negahban et al [7], and
Chen et al. [6]. Chen and Suh [10] focused on top-K
identification under the standard BTL model, and derived
an {s error bound on preference scores which is intimately
related to top-K ranking accuracy. Negahban et al. [7]
considered the same comparison model and derived an
{> error bound. A key distinction in our work is that we
consider a different measurement model in which there are
two population sets, although the ¢ and £ norm error
analyses in [7] and [10] play crucial roles in determining the
sample complexity.

The statistical model introduced by Chen et al. [6] attempts
to represent crowdsourced settings and forms the basis of our
adversarial comparison model. We note that no theoretical
analysis of the sample complexity is available in [6] or other
related works on crowdsourced rankings [18]-[20]. For exam-
ple, Kim er al. [20] employed variational EM-based algorithms
to estimate the latent scores; global optimality guarantees for
such algorithms are difficult to establish. Jain and Oh [15]
developed a tensor decomposition method [16] for learning
the parameters of a mixture model [21]-[23] that includes
our model as a special case. We specialize their model and
relevant results to our setting for determining the accuracy of
the estimated #. This allows us to establish an upper bound
on the sample complexity when # is unknown.

Recently, Shah and Wainwright [24] showed that a simple
counting method [25] achieves order-wise optimal sample
complexity for top-K ranking under a general comparison
model which includes, as special cases, a variety of parametric
ranking models including the one under consideration in this
paper (the BTL model). However, the authors made assump-
tions on the statistics of the pairwise comparisons which are
different from that in our model. Hence, their result is not
directly applicable to our setting.

D. Paper Organization

This paper is organized as follows. In Section II, we detail
our system model and define the performance criterion. In
Section III, we state our main results and provide interpre-
tations of and intuitions behind these results. In Sections IV
(achievability) and V (minimax converse) we prove the result
concerning the sample complexity of learning the top-K
ranking when the proportion of adversaries # is known.
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In Section VI we provide a high-level description of the
algorithm for the case in which # is unknown and we
sketch the achievability proof. In Section VII, we perform
experiments on synthetic data to corroborate our result for the
known # scenario. We conclude our discussion and suggest
avenues for future research in Section VIII. Proofs of more
technical results and other auxiliary discussions are deferred
to the appendices.

E. Notations

We provide a brief summary of the notations used through-
out the paper. Let [n] represent {1, 2, ---,n}. We denote by
lwl, [w]1, ||w]eo the £2 norm, £; norm, and £, norm of w,
respectively. Additionally, for any two sequences f(n) and
g(n), f(n) 2 g(n) or f(n) = Q(g(n)) mean that there exists
a (universal) constant ¢ such that f(n) > cg(n); f(n) < g(n)
or f(n) = O(g(n)) mean that there exists a constant ¢ such
that f(n) < cg(n); and f(n) < g(n) or f(n) = O(g(n))
mean that there exist constants ¢; and ¢ such that ¢1g(n) <
f(n) < crg(n). The notation poly(n) denotes a sequence in
O (n°) for some ¢ > 0.

II. PROBLEM SETUP

We now describe the model which we will analyze sub-
sequently. We assume that the observations used to learn the
rankings are in the form of a limited number of pairwise com-
parisons over n items. In an attempt to reflect the adversarial
crowdsourced setting of our interest in which there are two
population sets—the faithful and adversarial sets—we adopt
a comparison model introduced by Chen et al. [6]. This is a
generalization of the BTL model [11], [12]. We now delve
into the details of the components of the model.

1) (Preference scores): As in the standard BTL model,
this model postulates the existence of a ground-truth
preference score vector w = (w1, wy, ..., w,) € RY.
Each w; represents the underlying preference score of
item i. Without loss of generality, we assume that the

scores are in non-increasing order:
w; = wy>...>w, > 0. 3)

It is assumed that the dynamic range of the score vector

is fixed irrespective of n:
w; € [Wmin, Wmax], Vi € [n], 4)

for some positive constants wmin and wmax. In fact, the
case in which the ratio 7™ grows with n can be readily

translated into the abovemlgetting by first separating out
those items with vanishing scores (e.g., via a simple
voting method like Borda count [25], [26]).

2) (Comparison graph): Let G := ([n], £) be the compar-
ison graph such that items i and j are compared by
an annotator if the node pair (i, j) belongs to the edge
set £. We will assume throughout that the edge set £
is drawn in accordance to the Erd6s-Rényi (ER) model
G ~ Gy, p. That is node pair (i, j) appears independently
of any other node pair with an observation probability
p € (0,1).
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3)

4)

(Pairwise comparisons): For each edge (i, j) € £, we
observe L comparisons between i and j. Each outcome,
indexed by £ € [L] and denoted by Yl.(o, is drawn
from a mixture of Bernoulli distributions weighted
by an unknown parameter n € (1/2,1]. The ¢-th

observation of edge (i, j) has distribution Bem(#iw,)
with probability # and distribution Bern(wiu;jwj) with

probability 1 — #. Hence,

£) Wi wj
Y. NBern _— 1— m—— 5
g (nwi+wj+( n)wi-f-wj) ©)

See Fig. 1. When 5 = 1/2, all the observations are fair
coin tosses. In this case, no information can be gleaned
about the rankings. Thus we exclude this degenerate
setting from our study. The case of n € [0,1/2) is
equivalent to the “mirrored” case of 1 — 5 € (1/2,1]
where we flip 0’s to 1’s and 1’s to 0’s. So without loss
of generality, we assume that # € (1/2, 1]. We allow 7
to depend on n.

We remark that in Chen er al. [6], each annotator
indexed by ¢ has its own quality parameter #;. In our
model all the #;’s are equal for the sake of tractability
and to model the scenario in which there are two
sub-populations—faithful and adversarial.

Conditioned on a realization of the random graph
G = ([n], &), for each (i,j) € &, the Yig.g)’s are
independent and identically distributed across all {’s,
each according to the distribution in (5). Let X(f) be
the column vector with entries Yi(.[)where these entries
are indexed according to the lexicographical order of
(i, j) € €. Define Y := {¥© : ¢ € [L]}. We will also
often employ the sufficient statistics

L
1 ¢ .
Y ::ZEZYI.(J.), vV, j) €. ©)
=1

Note that Y;; is a function of L, the per-edge number of
samples and L is measure of the quality of the measure-
ments. We let ¥; := {Yi;};.i j)ec and Y := {Yij} jee
be various collections of the sufficient statistics.
(Performance metric): We are interested in recovering
the top-K ranked items in the collection of n items
from the data Y. We denote the true set of top-K ranked
items by Sk which, by our ordering assumption, is the
set [K]. We would like to design a ranking scheme
w {0, 1}‘5|XL — ([1';]) that maps from the available
measurements to a set of K indices. Given a ranking
scheme y, the performance metric we consider is the
probability of error

Pe(y) :=Pry(Y) # Sk]. (N
We consider the fundamental admissible region Ry, of
(p, L) pairs in which top-K ranking is feasible for a
given w, i.e., Pe(y) can be arbitrarily small for large
enough n. In particular, we are interested in the sample
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n .

where Qs := {a € R" : (ag — ag+1)/amax > 0}. Here
we consider a minimax scenario in which, given a score
estimator, nature can behave in an adversarial manner,
and so she chooses the worst preference score vector that
maximizes the probability of error under the constraint
that the normalized score separation between the K-th
and (K + 1)-th items is at least 5. Note that (5) p is the
expected number of edges of the ER graph so (3) pL is
the expected number of pairwise samples drawn from
the model of our interest.

complexity

Ss inf sup

pel0,1],LeZT geQ;

IIT. MAIN RESULTS

As suggested in [10], a crucial parameter for successful
top-K ranking is the separation between the two items near
the decision boundary,

WK — WK+1

Ak = ©)

Wmax

The sample complexity depends on w and K only through
A k—more precisely, it decreases as Ak increases. Our con-
tribution is to identify relationships between # and the sample
complexity when # is known and unknown. We will see that
the sample complexity increases as Ak decreases. This is
intuitively true as A g captures how distinguishable the top-K
set is from the rest of the items.

We assume that the graph G is drawn from the ER
model G, , with edge appearance probability p. We require
p to satisfy

1
b ogn
n

(10)

From random graph theory, this implies that the graph is con-
nected with high probability. If the graph were not connected,
rankings cannot be inferred [9].

We start by considering the #-known scenario in which key
ingredients for ranking algorithms and analysis can be easily
digested, as well as which forms the basis for the 7-unknown
setting.

Theorem 1 (Known n): Suppose that n is known and
G ~ Gu,p. Also assume that L = O(poly(n)) and Lnp >
(2’7C+1)2 logn. Then with probability > 1 — cin= 2, the set of
top-K set can be identified exactly provided that

- logn (11
>0g—.
27— 1)*np A%
Conversely, for a fixed € € (0, %), if
1—e)l
(1= 0 logn )

<cp——
(2n — 1)?npA%

holds, then for any top-K ranking scheme v, there exists a
preference vector w with separation Ak such that P.(y) > €.
Here, and in the following, c; > 0,i € {0, 1, ..., 4} are finite
universal constants.
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Proof: See Section IV for the algorithm and a sketch of
the achievability proof (sufficiency). The proof of the converse
(impossibility part) can be found in Section V. ]

This theorem asserts that the sample complexity scales as

= nlogn

T Q-1 ay
This result recovers that for the faithful scenario where # = 1
in [10]. When 5 — % is uniformly bounded above 0, we achieve
the same order-wise sample complexity. This suggests that
the ranking performance is not substantially worsened if the
sizes of the two populations are sufficiently distinct. For the
challenging scenario in which n ~ %, the sample complexity
depends on how 7 — % scales with n. Indeed, this dependence
is quadratic. Also notice that since the sample complexity
in (13) is stated in terms of Sa,, for a fixed number of
pairwise samples (;) pL, it does not matter how to choose
p and L as long as p satisfies (10) and the product (g) pL
satisfies (13). Theorem 1 will be validated by experimental
results in Section VII. Several other remarks are in order.

(13)

Ak

1) (No computational barrier): Our proposed algorithm is
based primarily upon two popular ranking algorithms:
spectral methods [7] and MLE [9], both of which enjoy
nearly-linear time complexity in our ranking problem
context. Hence, the information-theoretic limit promised
by (13) can be achieved by a computationally efficient
algorithm.

2) (Implication of the minimax lower bound): The minimax
lower bound continues to hold when # is unknown, since
we can only do better for the #-known scenario, and
hence the lower bound is also a lower bound in the #-
unknown scenario.

3) (Another adversarial scenario). Our results readily gen-
eralize to another adversarial scenario in which samples
drawn from the adversarial population (of proportion #)
are completely noisy, i.e., they follow the distribution
Bern(%). With a slight modification of our proof tech-
niques, one can easily verify that the sample complexity
is on the order of

< _nlogn
Ag —~ ’72 A%(

if # is known. Hence the closer the faithful proportion #
is to 0, the worse the sample complexity, which is
intuitively true. The result in (14) will be evident after
we describe the algorithm in Section I'V. For a sketch of
the argument to obtain (14), please refer to Section I'V-C.

(14)

Theorem 2 (Unknown n): Suppose that n is unknown and
G ~ Gu,p. Also assume that L = O(poly(n)) and Lnp >
—<0__log? n. Then with probability > 1 —cin=, the top-K
@n-1)
set can be identified exactly provided that
log®n
Qn— DinpAy”
Proof: See Section VI for the key 1deas in the proof. W
This theorem implies that the sample complexity satisfies

L>c3 (15)

nlog?n

—_— 1
@n—1)* A% 1o

A
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sample complexity

= nlogn
(2n—1)2A%

nearly-linear time
algorithm

minimax optimal

Chen-Suh’'15

0.5 1
Known 7

sample complexity

n log2 n
(2n - 1)*A%

Tensor Decomp.
+ SpectralMLE

nlogn
(@n— 1A%,

infeasible
0.5 1N
Unknown 7

Fig. 2. Tllustrations of our main theorems (Theorems 1 and 2)

SPECTRALMLE

return

RANK
Y top-Kitems

CENTRALITY

point-wise
MLE

Fig. 3. Ranking algorithm for the #7-known scenario: (1) shifting the empirical
o - Yij—(1—
mean of pairwise measurements to get ¥;; = ['/2’7(—1 "

Yi_ a5 I — 00; (2) performing SpectralMLE [10] seeded by Y to obtain

witw;
a score estimate w; (3) return a ranking based on the estimate w. Our analysis

reveals that the £oo norm bound w.r.t. @ satisfies | — wlloo < 2”]—_1 —1:1’52’,

, which converges to

1 logn

which in turn ensures P, — 0 under A 2 =1/ 557 -

This bound is worse than (13)—the inverse dependence on
2n— I)ZA%( is now an inverse dependence on (27 — 1)4A‘}(.
This is because our algorithm involves estimating #, incurring
some loss. Whether this loss is fundamentally unavoidable
(i.e., whether the algorithm is order-wise optimal or not) is
open. See detailed discussions in Section VIII. Moreover, since
the estimation of # is based on tensor decompositions with
polynomial-time complexity, our algorithm for the #-unknown
case is also, in principle, computationally efficient. Note that
minimax lower bound in (13) also serves as a lower bound in
the x#-unknown scenario.

The conclusions of Theorems 1 and 2 are illustrated
graphically in Fig. 2.
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IV. ALGORITHM AND ACHIEVABILITY
PROOF OF THEOREM 1

A. Algorithm Description

Inspired by the consistency between the preference scores
w and ranking under the BTL model, our scheme also adopts
a two-step approach where w is first estimated and then the
top-K set is returned.

Recently a top-K ranking algorithm SpectralMLE [10] has
been developed for the faithful scenario and it is shown to
have order-wise optimal sample complexity. The algorithm
yields a small £ loss of the score vector w which ensures a
small point-wise estimate error. Establishing a key relationship
between the o, norm error and top-K ranking accuracy,
Chen and Suh [10] then identify an order-wise tight bound
on the ¢, norm error required for top-K ranking, thereby
characterizing the sample complexity. Our ranking algorithm
builds on SpectralMLE, which proceeds in two stages: (1) an
appropriate initialization that concentrates around the ground
truth in an ¢, sense, which can be obtained via spectral
methods [3], [7], [8]; (2) a sequence of T iterative updates
sharpening the estimates in a point-wise manner using MLE.

We observe that RankCentrality [7] can be employed as
a spectral method in the first stage. In fact, RankCentrality
exploits the fact that the empirical mean Y;; converges to the
relative score w’_lf_"wj as L — oo. This motivates the use of
the empirical mean for constructing the transition probability
from j to i of a Markov chain. Note that the detailed balance
equation ”iw,-wTjwj = Jw,%le that holds as L — oo will
enforce that the stationary distribution of the Markov chain
is identical to w up to some constant scaling. Hence, the
stationary distribution is expected to serve as a reasonably
good global score estimate. However, in our problem setting
where # is not necessarily 1, the empirical mean does not
converge to the relative score, instead it behaves as

w; wi
71_}_(1_;7) J

17
oy (17)

Yij = wi + wj '
(The above convergence is “in probability”.) Note, however,
that the limit is linear in the desired relative score and 7,
implying that knowledge of #n with an appropriate linear
transformation then leads to the relative score. A natural idea
then arises. We construct a shifted version of the empirical
mean:

wj

7o Yi (=) 1ox

= s 18
Y 2n—1 wi + wj (18)

and take this as an input to RankCentrality. This then forms
a Markov chain that yields a stationary distribution that is
proportional to w as L — oo and hence a good estimate of
the ground-truth score vector when L is large. This serves as
a good initial estimate to the second stage of SpectralMLE as
it guarantees a small point-wise error.

A formal and more detailed description of the procedure is
summarized in Algorithm 1. Also see the block diagram of
the procedure in Fig. 3. For completeness, we also include the
procedure of RankCentrality in Algorithm 2. Here we empha-
size two distinctions w.r.t. the second stage of SpectralMLE.
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Algorithm 1 Adversarial top-K ranking for the #-known
scenario
Input: The average comparison outcome Y;; for all (i, j) €
&; the score range [Wmin, Wmax -

Partition &£ randomly into two sets M and £’ each

containing % |€| edges. Denote by Y (resp. YI*T) the

components of ¥; obtained over &M (resp. £1*).

Compute the shifted version of the average comparison
~ Y;i—(1— ~ 1nit

output: Y;; = % Denote by Yi-m the components

of ¥; obtained over £nt

Initialize wA(OA) to be the estimate computed by Rank Cen-
trality on Yi-mt (1<i<n).

Successive Refinement: for t =0: 7 do
1) Compute the coordinate-wise MLE
wlm'e <« argmax; L (T, w{?; Yil-ter

where L is the likelihood function defined in (19).

2) Foreach 1 <i <n, set
mle mle _ . (?) .
D o | e 0l — w1 > &
w;”, else,
where & is the replacement threshold defined in (20).
Output the indices of the K largest components of w™).

Algorithm 2 Rank Centrality [7]
Input: The shifted average comparison outcome Y ; for all
(i, )) € &
Compute thq transition matrix P = [Pijli<i,j<n such that
for (i, j) € £
ﬁ___[fl, if i # j;
ij=17m ~ e
= Zom ZkGyegner Ve, i 0= J.
where dpax is the maximum out-degrees of vertices in £,

Output the stationary distribution of P.

First, the computation of the pointwise MLE w.r.t. say, item
i, requires knowledge of #:

L:(r, witi); Y,-)
() Y
T w . ij
= H [(”7(;) +(1 - ;7)7] (t))
jiijyee b TTW; Tt w;

e

«(n
T

- 1=y
—L s+ n)—(,)) } 19)
+ w; T+ w;
Here, L(z, w{?; Y;) is the profile likelihood of the preference

score vector [wgt), . w(t) T, w.(t)

Jw;” DICTREE ,w,(f)] where w®
indicates the preference score estimate in the #-th iteration,
wi’i) denotes the score estimate excluding the i-th component,
and Y; is the data available at node i. The second difference

is the use of a different threshold & which incorporates the
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effect of #:

c logn 1 logn logn
& = Lo (22 22RO o)
2n—1 npL = 2! pL npL

where ¢ > 0 is a constant. This threshold is used to decide
whether wi(’H) should be set to be the pointwise MLE w™®
in (25) (if |wlmIe - wl.(') | > &) or remains as wl.(') (otherwise).
The design of & is based on (1) the £ loss incurred in
the first stage; and (2) a desirable {, loss that we intend
to achieve at the end of the second stage. Since these two
values are different, & needs to be adapted accordingly. Notice
that the computation of & requires knowledge of #. The two
modifications in (19) and (20) result in a more complicated
analysis vis-a-vis Chen and Suh [10].

B. Achievability Proof of Theorem 1

Let @ be the final estimate w™) in the second stage. We
carefully analyze the o loss of the w vector, showing that
under the conditions in Theorem 1

cl logn
2n—1\ npL~

holds with probability exceeding 1 — con™“. This bound
together with the following observation completes the proof.
Observe that if wx — wg41 > 2;“4 ly?ng» then for a top-K

item 1 <i < K and a non-top-K item j > K + 1,

W — wlleo < 21

A

w; — IZ)j (22)

(23)

> wi —wj — |w; — Wi — lwj — W)l
> wg — wr1 — 20 — wleo > 0.
This implies that our ranking algorithm outputs the top-K

ranked items as desired. Hence, as long as wx — wg+1 22
1 logn
2n—1V\ npL
Theorem 1), we can guarantee perfect top-K ranking, which
completes the proof of Theorem 1.
The remaining part is the proof of (21). The proof builds

upon the analysis made in [10], which demonstrates the

holds (coinciding with the claimed bound in

relationship between HW(IF)TT)H and ||w?) — w| . We establish
a new relationship for the arbitrary # case, formally stated in
the following lemma. We will then use this to prove (21).

Lemma 1: Fix 0, > 0. Consider D" such that it is
independent of G and satisfies

@™ — w

<6 and |0 — we <& (24)

llwl

Consider an estimate of the score vector w such that
|; — wi| < Ilf)}‘b — w;| for all i € [n]. Let

ml

w™® ;= argmax L(z, W\;; Y;). (25)
T

L
Then, the pointwise error
logn

1
G (PR (26)
np 2n—1\ npL

holds with probability at least 1 — cyn™ 3.

|wlmle — w;| < cpmax [5+
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Proof: The relationship in the faithful scenario # = 1,
which was proved in [10], means that the point-wise
MLE wlm'e is close to the ground truth w; in a component-
wise manner, once an initial estimate W is accurate enough.
Unlike the faithful scenario, in our setting, we have (in general)
noisier measurements Y; due to the effect of #. Nonetheless
this lemma reveals that the relationship for the case of # =1
is almost the same as that for an arbitrary # case only with a
slight modification. This implies that a small point-wise loss
is still guaranteed as long as we start from a reasonably good
estimate. Here the only difference in the relationship is that the
multiplication term of ﬁ additionally applies in the upper
bound of (26). See Appendix A for the proof. [ ]

Obviously the accuracy of the point-wise MLE reflected in
the £, error depends crucially on an initial error lw©® — w].
In fact, Lemma 1 leads to the claimed bound (21) once the
initial estimation error is properly chosen as follows:

|w©® — w| o 1 logn
~2p—1\ npL’
Here we demonstrate that the desired initial estimation error
can indeed be achieved in our problem setting, formally stated
in Lemma 2 (see below). On the other hand, adapting the
analysis in [10], one can verify that with the replacement

threshold & defined in (20), the ¢, loss is monotonically
decreasing in an order-wise sense, i.e.,

lw© — w]|

llwl

27)

lw® —w|

(28)

~

wl

We are now ready to prove (21) when L = O (poly(n)) and

||w(t)—w||v5v 1 logn
T T 2 =1\ npL’

Lemma 1 asserts that in this regime, the point-wise MLE w
is expected to satisfy

(29)
wl

mle

< w® —wj
o lwll
Using the analysis in [10], one can show that the choice of
& in (20) enables us to detect outliers (where an estimation
error is large) and drag down the corresponding point-wise
error, thereby ensuring that [|[w) — w0 < [|[w™€ — w]no.
This together with the fact that

logn
”w(f)
P

lw™® — w]|o (30)

— Wco-

(n _ © _
[w™ —w| _ fw w| < 1 logn 31)
2n—1\ npL

(see (29) above and Lemma 2) gives

~

wl wl

(I+1)—w||oo§2 1 1 logn
n—

logn
+g

llw lw® — o

npL
(32)

A sltraightforward computation with this reglursion yields (21)
. ogn - . ogn

if np 18 sufficiently small (e.g., p > T) and T, the
number of iterations in the second stage of SpectralMLE, is

sufficiently large (e.g., T = O(logn)).
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Lemma 2: Let L = O(poly(n)) and Lnp > o 1)2 logn.

Let w© be an initial estimate: an output of RankCentrality [7]
when seeded by Y = {Yu}(z,])eg- Then,

[J[w — w(0)|| __q logn
~ 2n—1\ npL

—c3

33
l[wll &9

holds with probability exceeding 1 — con
Proof: Here we provide only a sketch of the proof, leaving
details to Appendix B. The proof builds upon the analysis
structured by [7, Lemma 2], which bounds the deviation of
the Markov chain w.r.t. the transition matrix P after steps:
Wmax 1

+ IIAII

Wmin 1-

¢ lpo — wl
l[wll

D — W
| Pt I -
[lw]|

Wmax

Wmin

(34)

where p; denotes the distribution w.r.t. P at time ¢ seeded by
an arbitrary initial distribution pg, the matrix A := P — P,
indicates the fluctuation of the transition probability matrix'
around its mean P := IE[P] and p 1= Amax+ Al w'"“x . Here

Amax = max{A;, —A,} and A; indicates the i-th elgenvalue
of P.
Unlike the faithful scenario # = 1, in the arbitrary # case,

the bound on ||A|| depends on #:

1Al < logn
~2p—1

npL’ (35)
which will be proved in Lemma B by using various concen-
tration bounds (e.g., Hoeffding and Tropp [27]). Adapting the
analysis in [7], one can easily verify that p < 1 under one
of the conditions in Theorem 1 that Lnp (2 ’11)2. Applying
the bound on ||A|| and p < 1 to (34) gives the claimed bound,
which completes the proof. ]

C. The Completely Noisy Case

As a final remark, in the third remark following
Theorem 1, we mentioned that if the adversarial population
generates completely noisy Bern(%) observations, then the
sample complexity is as in (14). This is easily seen as follows:
Analogously to (17), the samples Y;; are now generated from
a Bernoulli distribution with bias #—2L— + (1 — ;7); Thus,

witw;
we ought to shift and scale the observed samples to form

Yij =1 7 Yij — 2) + 2 and this sequence of random variables
wi
will converge to the desired proportion | o Jr'w as L — oo.

Due to the factor # in the denominator (1nstead of 2n —1 as
in (18)), we see that the sample complexity is as in (14) (with
#? in the denominator).

V. CONVERSE PROOF OF THEOREM 1

As in Chen and Suh’s work [10], by Fano’s inequality,
we see that it suffices for us to upper bound the mutual
information between a set of appropriately chosen rankings
M of cardinality M := min{K, n — K} + 1. More specifically,

I'The notation A = P — P, a matrix, should not be confused with the scalar
normalized score separation A, defined in (9).
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let o : [n] — [n] represent a permutation over [n]. We also
denote by o (i) and o ([K]) the corresponding index of the i-th
ranked item and the index set of all top-K items, respectively.
We subsequently impose a uniform prior over M as follows:
If K <n/2 then

1
Prlo ([K]) = 8] = —
forS={2,....,K}U{i}, i=1,K+1,...,n (36)
and if K > n/2, then
1
Prlo ([K]) = 8] = M
forS={1,...,K+1}\{i}, i=1,...,K+1. (37

In words, each alternative hypothesis is generated by swap-
ping only two indices of the hypothesis (ranking) obeying
o ([K]) = [K]. Clearly, the original minimax error probability
is lower bounded by the corresponding error probability of
this reduced ensemble.

Let the set of observatlons for the edge (i,j) € & be
denoted as Y,j : {Y : £ € [L]}. We also find it convenient
to introduce an erased” version of the observations Z =

{Z’j : (j, j) € [n]z} which is related to the true observations
Y :={Y; : (i, j) € £} as follows,
5 Yy Gj)eé€
7. = ij .
v [e i, )) &€ (38)

Here e is an erasure symbol. Let o, a chance variable, be a
uniformly distributed ranking in M (the ensemble of rankings
created in (36)—(37)). Let Py 7lo; be the distribution of the
observations given that the ranklng isoj € M where j € (M]
and a similar notation is used for when Y;; j is replaced by Zi; e

Now, by the convexity of the relative entropy and the fact
that the rankings are uniform, the mutual information can be
bounded as

1
Io:2) = 15 > D(Pzio| Pzios) (39)
o1,00eM
1
= M2 Z z D (PZij\tﬂ H PZ'j\JZ) (40)
o1,00e M i#]
V4
= W Z Z D( Y,/\(Tl Y1/|0'2) (41)
o1,00e M i#]
» L
=i T E30(Pgnlnen) @
o106 M i#] (=1 ! !
Assume that under ranking o, the score vector is w :=
(w1, ..., wy) and under ranking o5, the score vector is w’ :=
(w,r(l), ..., Wg(y)) for some fixed permutation 7 : [n] — [n].

By using the statistical model in Section II, we know that

b (PY,-ﬂf)lm |7 Y-(-[)Iﬂz)
- D( o -
=D\ n

wnm
Wz (i) + Wz (j)

e

— D ) (43)
W (i) T Wz (j)
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where D(al|f) := alog§ + (1 — a)loglj—; is the binary
relative entropy. For brevity, write
a:= L, and b :=
w;i +wj

&‘ (44)
Wr (i) + Wr ()
Furthermore, we note that the chi-squared divergence is an
upper bound for the relative entropy between two distributions
P = {Pi}icx and QO = {Q;}iex on the same (countable)
alphabet X' (see e.g. [28, Lemma 6.3]), i.e.,
2
D(PIQ) < (Pl = S L= Q)

(45)
ieX Qi

We also use the notation y2(a||f) to denote the binary chi-
squared divergence similarly to the binary relative entropy.
Now, we may bound (43) using the following computation

D(na+(1—n1—a)|nb+ (1 —n-Db))

< x? (na+ 1 =1 —a)|nb+ (1 —n)(1—b)) (46)
N2 )2
_ 2n—1)(a —b) @7
(@n—Db+ 1 —n)(n—2n—1)b)
Now
la—b| < (10)¢ _ WK +1 < Wmax Ax. (48)
Wk +wWg4+1 WK F WK+l 2Wmin

Hence, if we consider the case where 5 = (1/2)" (which is
the regime of interest), uniting (47) and (48) we obtain

D (na+ (1—n)(1—a)|nb+ (1 —n)(l—b))

< @n—1)7A%. (49)

By construction of the hypotheses in (36)—(37), conditional
on any two distinct rankings o1, o2 € M, the distributions of
Yij (pamely Pf’ijl ol and Pf/fjl 62) are different over at most 2n
locations so

L
242
> 320 (B Py ) S - 1785 50)
i#j =1
Thus, plugging this into the bound on the mutual information
in (42), we obtain

I(o; Z) < pnL(2n — 1)2A%. (51)

Plugging this into Fano’s inequality, and using the fact that
M <n/2 (from M = min{K,n — K} + 1), we obtain

1(c;Z) 1
Pe(y) > 1 — logM  logM (52)
1(0: Z) 1 .
" log(n/2)  log(n/2)’ (53)

Thus, if Sa, = () pL < @l=dlogn . some small enough

= @n-1)2A%
but positive ¢, we see that

Pe(y) = € > 0. (54)

Since this is independent of the decoder y, the converse part
is proved.

As a final remark, let us mention that it is easy to use
techniques in [29] to show that if L satisfies the upper bound
in (13), not only does the probability of error fail to tend to
zero as in (54), but it is arbitrarily close to 1 for sufficiently
large n, a so-called strong converse statement.
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VI. ALGORITHM AND PROOF OF THEOREM 2
A. High-Level Description of Algorithm

The proof of Theorem 2 follows by combining the results
of Jain and Oh [15] with the analysis for the case when
n is known in Theorem 1. Jain and Oh were interested
in disambiguating a mixture distribution from samples. This
corresponds to our model in (5). They showed using tensor
decomposition methods that it is possible to find a globally
optimal solution for the mixture weight # using a computa-
tionally efficient algorithm. They also provided an ¢, bound
on the error of the distributions but as mentioned, we are
more interested in controlling the £, error so we estimate w
separately. The use of the £> bound in [15] leads to a worse
sample complexity for top-K ranking.

Thus, in the first step, we will use the method in [15] to
estimate # given the sufficient statistics of the data samples
(pairwise comparisons) Y. The estimate is denoted as 7. It
turns out that one can specialize the result in [15] with suitably
parametrized “distribution vectors”

wij w; wy/ w s T
Toi=|--- witw; wiw, witw; Dty
(55)
and w1 = lyg) — 7o € R2€l and where in (55), (i, j) runs

through all edges in £. Hence, we are in fact applying [15] to a
more restrictive setting where the two probability distributions
represented by 7o and 7; are “coupled” but this does not
preclude the application of the results in [15]. In fact, this
assumption makes the calculation of relevant parameters (in
Lemma 6) easier. The relevant second and third moments are

(56)
(57)

My .= nro®mo+ (1 — ) @ 7y,
M3 :=nroQ@ro@ao+ (1 — 9w @y @ 7y,

where 7; @ m; € RIEDXQIED js the outer product and
T, QT @ € REIEDXQIENXQIED s the 3-fold tensor
outer product. If one has the exact M, and M3, we can
obtain the mixture weight 7 exactly. The intuition as to why
tensor methods are applicable to problems involving latent
variables has been well-documented (e.g. [16]). Essentially, the
second- and third-moments contained in M, and M3 provide
sufficient statistics for identifying and hence estimating all
the parameters of an appropriately-defined model with latent
variables (whereas second-order information contained in M
is, in general, not sufficient for reconstructing the parameters).
Thus, the problem boils down to analyzing the precision
of # when we only have access to empirical versions of
M, and M3 formed from pairwise comparisons in G. As shown
in Lemma 5 to follow, there is a tradeoff between the sample
size per edge L and the quality of the estimate of #. Hence,
this causes a degradation to the overall sample complexity
reflected in Theorem 2.

In the second step, we plug the estimate # into the algorithm
for the n#-known case by shifting the observations Y similarly
to (18) but with 7 instead of 5. See Fig. 4. However, here there
are a couple of important distinctions relative to the case where
n is known exactly. First, the likelihood function £(-) in (19)
needs to be modified since it is a function of # in which now



2210

>

SPECTRALMLE

Y RANK w* point-wise | |W retumn v(Y)

Y shifting CENTRALITY MLE top-Kitems

Fig. 4. Ranking algorithm for the unknown # scenario. The key dis-
tinction relative to the known # case is that we estimate # based on the
tensor decomposition method [15], [16] and the estimate 7 is employed
for shifting ¥ and performing the point-wise MLE. This method allows

~ 1 4/log%n .
us to get | — wloo < =T n%;L , which ensures that P, — 0 under
1 4/log?n
Ak r>\-z 2n—1 npL

we only have its estimate 7. Second, since the guarantee on
the £ loss of the preference score vector w is different (and
in fact worse), we need to design the threshold & differently
from (20). We call the modified threshold E,, to be defined
precisely in (66).

B. Detailed Algorithm for Estimating
the Mixing Coefficient n

The algorithm for estimating # is shown in Algorithm 3,
with a subroutine (alternating minimization for matrix comple-
tion) shown in Algorithm 4. Some notations that appear in the
algorithms are defined as follows. First, we define two sets of
indices Q) := {(i, j) € [2|1E]] x [21€]] : [i/2] # [j/2]} and
Q3 :={(, j,k) € ZIEN x [2IEN X [21E11: [i/21 #[]/2] #
[k/2] # [i/2]}. For a vector x € R?, let @x = xQx ® x
be the 3-fold (tensor) outer product. Given a m-th order tensor
A € Rdxdx..xd =~ Rd"™ 4nq an index set Q C [d]™, we define
the projection operator Pgq : R?" — R" as

Aj (1, ...,0m) €Q
0, otherwise,

..... Ly >

(58)

for all (i1,...,im) € [d]™. If A is symmetric and m = 2,
denote its (unique) eigen-decomposition as A = UgZsU r
where the diagonal entries of X4 are arranged in the deceas-
ing order. Then we define Py := (Uyg EA/Z)T and Q4 =
Uy 2;1/2. If A is symmetric and m = 3, we define an r xr xr
operation with respect to R € R*" as

3
(AR jijnjs = D, Aiiis | | Ricoier (59

i1,i2,i3€[d] k=1

for all ji, j»,j3 € [r]. For any A,B € R%", define
their inner product (A, B) := Zil,...,ime[d] A in
and ||Allr = +/(A, A). Finally, define two set of indices
Iy:={1,...,|L/2]}and I := {|L/2] +1,..., L}.

Note that in Algorithm 3, a crucial step is to find the
third-order statistic G by solving the least squares problem

in (60). Our theoretical guarantee for exact identification of
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Algorithm 3 Estimating mixing coefficient # [15]

Input: The collection of observed pairwise comparisons Y

Split Y evenly into two subsets of samples Y .= (y® .
teZ}and YP = (YO : ¢ e 1)

Compute M>, the estimated second-order moment matrix
M, in (56) based on YV using Algorithm 4

Compute G, the estimated third-order statistic of G :=
M3[QOwm, 13 by solving the least squares problem?

2
~ . ®'y®
G € argmin | Po, | Z[Pg,],— 7| (23],
ZeR2x2x2 tely 2 F
(60)

Compute the first eigenvalue 11 of G using the robust power
method in Anandkumar et al. [16]

Return the estimated mixing coefficient 77 = /11_2

Algorithm 4 Alternating Minimization for Matrix

Completion [15]

Input: The collection of observed pairwise comparisons
YD, maximum number of iterations T

Compute a summary statistic Sp := \Il_l\ DT, YO ey®.
Initialize Uy € R21€1x2
Pa, (52).

For t =0,...,T —1

using the top two eigenvectors of

Compute the (projected) Cholesky decomposition

—~ 2
Uet1 € argmin | Pg, (52 —uu? ) H 6D
UcR2IEIx2 F
Compute the QR decomposition
[Ur+1, Res1] = QR(Ur 1), (62)

end for

Return the estimated second-order moment matrix
M, .=UrU %_1

the top-K set (Theorem 2) requires both the sample size L
and the number of observed edges |£| to be sufficiently
large. Therefore, (60) is a large-scale optimization problem.
Recently, Huang et al. [30] proposed to use the stochastic
tensor gradient descent (STGD) method to perform tensor
decomposition in an online manner specifically for problems
where L is large. In Appendix G, we discuss how to make use
of this method to solve (60). We also discuss the difficulties
of applying such a method when || (i.e., the number of
“features”) is also large.

2G can be taken to be any minimizer of (60), and similar for 17,_,_] in (61).
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C. Proof of Theorem 2

As in Section IV-B, the crux is to analyze the £ loss of

the w vector. We show that
co 4 log2 n
2n—1Y npL

holds with probability > 1 — cin=2. To guarantee that
top-K ranking is accurate, we then follow the same argument
as in (22)—(23). We lower bound ||w — w| s in (63) by A g and
solve for L. Thus, it suffices to show (63) under the conditions
of Theorem 2.

The proof of (63) follows from several lemmas, two of
which we present in this section. These are the analogues of
Lemmas 1 and 2 for the #-known case. Once we have these
two lemmas, the strategy to proving (63) is almost the same
as that in the #-known setting in Section IV-B so we omit the
details.

The first lemma concerns the relationship between the
normalized ¢, error and the {,, error when we do not have
access to the true mixture weight #, but only an estimate of
it given via Algorithm 3.

Lemma 3: Consider W™ such that it is independent of G
and satisfies (24). Consider W such that |; —w;| < |12)}‘b—w,-|
for all i € [n]. Now define

[ — wle < (63)

mle .__ e NT
w; " =argmax L(t, w\;; Y;),
T

(64)

where ﬁ(') is the surrogate likelihood (cf. (19)) constructed
with # in place of 3. Then, for all i, the same pointwise MLE
bound in (26) holds with probability > 1 — con™°!.

Proof: The proof parallels that of Lemma 1 but is more
technical. We analyze the fidelity of the estimate 7 relative to 5
as a function of L (Lemma 5). This requires the specialization
of Jain and Oh [15] to our setting. By proving several
continuity statements, we show that the estimated normalized
log-likelihood (NLL) %log ﬁ(-) is uniformly close to the true
NLL %log L(-) w.h.p. This leads us to prove (26), which is
the same as the n-known case. The details are deferred to
Appendix C. ]

Similarly to the case where # is known, we need to
subsequently control the initial error |[w® — w]|. For the
n-known case, this is done in Lemma 2 so the following lemma
is an analogue of Lemma 2.

Lemma 4: Assume the conditions of Theorem 2 hold. Let
w© be an initial estimate, i.e., an output of RankCentrality
when seeded by Y which consists of the shifted observations
with # in place of n (cf. (18)). Then,

jw—w®) _ o log’n
lwl = 2p—1V npL

holds with probability > 1 — cin™.

Proof: See Section VI-D for a sketch of the proof and
Appendix D for a detailed calculation of an upper bound on
the spectral norm of the fluctuation matrix, which is a key
ingredient of the proof of Lemma 4. ]

We remark that (65) is worse than its #-known counterpart
in (33). In particular, there is now a fourth root inverse depen-
dence on L (compared to a square root inverse dependence),

(65)
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which means we potentially need many more observations to
drive the normalized ¢, error ”’”‘Tu'f”(o)” down to the same level.
This loss is present because there is a penalty incurred in
estimating # via the tensor decomposition approach, especially
when # is close to 1/2. In the analysis, we need to control
the Lipschitz constants of functions such as ¢ — % and

20—
f > AL (see e.g. (18)). Such functions behave badly near

1/2. If{ plarticular, the gradient diverges as ¢ | 1/2. We have
endeavored to optimize (65) so that it is as tight as possible,
at least using the proposed methods.

Using Lemmas 3 and 4 and invoking a similar argument as
in the z#-known scenario, we can now to prove (63). One key

distinction here lies in the choice of the threshold:
Jlog?n n 1 [ 4Jnlog?n  .log’n
npL 2! pL npL

The rationale behind this choice, which is different from (20),
is that it drives the initial £, loss (associated to the initial £,
loss in Lemma 4) to approach the desired o loss in (63).
Taking this choice, which we optimized, and adapting the
analysis in [10] with Lemma 3, one can verify that the
{ loss is monotonically decreasing in an order-wise sense:
”wl(‘l;]w” < ”w(”();]w” similarly to (28). By applying Lemma 3
to the regime where L = O(poly(n)) and

2 c

=R

(66)

w® — w| 5o 1 4/10g2n’ 6N
flwl] 2p—1Y\ npL
we get
|[w® —w| logn
lw™ — e < lw® — wle. (68)
[lw]| D

As in the 7-known setting, one can show that the replacement
threshold & leads to |w™® — wlls =< |w® — w|so. This
together with Lemma 4 gives

2
o T

logn
e~ op—1 n

(t)
w w .

(69)
A straightforward computation with this recursion yields the
claimed bound as long as 1‘;‘%" is sufficiently small (e.g.,

p > 210%) and T is sufficiently large (e.g., T = O(logn)).
This completes the proof of (63).

D. Proof Sketch of Lemma 4

The proof of Lemma 4 relies on the fidelity of the estimate
7 as a function of L when we use the tensor decomposition
approach by Jain and Oh [15] on the problem at hand.
Lemma 5 (Fidelity of n Estimate): If the number of obser-
vations per observed node pair L satisfies
n
5

then the estimate # is &-close to the true value n with
probability exceeding 1 — 6.

1
L7 —log (70)
€
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Proof: The complete proof using Theorem 3 and Lemma 6
is provided in Section VI-E. ]
We take 6 = n~“° (for some constant co > 0) in the sequel
so (70) reduces to L = giz logn. A major contribution in the
present paper is to find a “sweet spot” for ¢; if it is chosen too
small, ||w — w]||so is reduced (improving the estimation error)
but L increases (worsening the overall sample complexity).
Conversely, if ¢ is chosen to be too large, the requirement
on L in (70) is relaxed, but || — w| s increases and hence,
the overall sample complexity grows (worsens) eventually. The
estimate in (70) is reminiscent of a Chernoff-Hoeffding bound
estimate of the sample size per edge L required to ensure that
the average of i.i.d. random variables is e-close to its mean
with probability > 1 — J. However, the justification is more
involved and requires specializing Theorem 3 (to follow) to
our setting.
Now, we denote the difference matrix A := P — P in which
7 is used in place of 5 as A. Now using Lemma 5, several
continuity arguments, and some concentration inequalities, we
are able to establish that

" 1 log’n
IAl S - ] ——

71
S5 (71)

npL

with probability > 1 —cin~“2. The inequality (71) is proved in
Appendix D. Now similarly to the proof of Lemma 1, p < 1
under the conditions of Theorem 2. Applying the bound on the
spectral norm of || A || in (71) to (34) (which continues to hold
in the #-unknown setting) completes the proof of Lemma 4.

E. Proof of Lemma 5

To prove Lemma 5, we specialize the non-asymptotic
bound on the recovery of parameters in a mixture model
in [15] to our setting; cf. (55). Before stating this, we intro-
duce a few notations. Let the singular value decomposition
of M, defined in (56), be written as M, = UXVT where
¥ = diag(o1(M3), 02(M>)) and U € R@IED*2 the matrix
consisting of the left-singular vectors, is decomposed as

U =[(@MT @ ... weEn]". 72)

Each submatrix U®) e R?*2 where k denotes a node pair. We
say that M, is u-block-incoherent if the operator norms for
all |€] blocks of U, namely U®, are upper bounded as

Vkef.

€17
For M», the smallest block-incoherent constant i is known
as the block-incoherence of M>. We denote this as u(Mj) :=
inf{z : My is j-block-incoherent}.

Theorem 3 (Jain and Oh [15]): Fix any ¢,0 > 0. There
1

IU®, < (73)

exists a polynomial-time algorithm in |E|, - and log(l;
[15, Algorithm 1] such that if
o1(M2)* (M)
&) 2R L2 (74)
o2(Ma)*

and for a large enough (per-edge) sample size L satisfying
1(M2)a1 (M2)°|EPP log(n/d)
min{z, 1 — n}oa(Mz)° er

(75)

~
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the estimate of the mixture weight 7 is e-close to the true
mixture weight n with probability exceeding 1 — 6.

It remains to estimate the scalings of o1(M3), 62(M>) and
1 (M>). These require calculations based on 7o, 71 and M,
and are summarized in the following crucial lemma.

Lemma 6: For a fixed (deterministic) sequence of graphs
with |E| edges,

oi(Mz) = O(€]), i=1,2, (76)

u(Mz) = ©(1). (77)

Proof: ~ The proof of this lemma can be found in
Appendix E. It hinges on the fact that Izoll2 = =12

as the faithful and adversarial populations have “permuted”
preference score vectors. This lemma is where the assumption
that the preference scores for the two populations are coupled
is essential. u

Now the proof of Lemma 5 is immediate upon substitut-
ing (76) into (74)—(75). We then notice that |£| = © (np) =
(1) with high probability so (74) is readily satisfied. Also

p(M2)o (M)°1E1>

minn - nloa(Mo)® = ®(1) so we recover (70) as desired.

VII. EXPERIMENTAL RESULTS

For the case where 7 is known, a number of experiments on
synthetic data were conducted to validate Theorem 1. We first
state parameter settings common to all experiments. The total
number of items is n = 1000 and the number of ranked items
K = 10. In the pointwise MLE step in Algorithm 1, we set the
number of iterations 7 = [logn] and ¢ = 1 in the formula for
the threshold & in (20). The observation probability of each
edge of the Erd6s-Rényi graph is p = 610%. The latent scores
are uniformly generated from the dynamic range [0.5, 1]. Each
(empirical) success rate is averaged over 1000 Monte Carlo
trials.

We first examine the relations between success rates and #
for various values of the normalized separation of the scores
Ag € {0.1,0.2,...,0.5}. Here we consider two different
scenarios, one being such that 7 is close to 1/2 and the other
being such that # is close to 1. We set the number of samples
per edge, L = 1000 for the first case and L = 10 for the
second. This is because when # is small, more data samples
are needed to achieve non-negligible success rates. The results
for these two scenarios are shown in Figs. 5(a) and 5(b)
respectively. For both cases, when L is fixed, we observe as
n increases, the success rates increase accordingly. However,
the effect of # on success rates is more prominent when # is
close to 1/2. This is in accordance to (13) in Theorem 1 since
1/(257 — 1)? has sharp decrease (as # increases) near 1/2 and
a gentler decrease near 1. Also, success rates increase when
Ak increases. This again corroborates (13) which says that
the sample complexity is proportional to 1/ A%(.

Next we examine the relations between success rates and
normalized sample size

Sak
(nlogn)/[(2n — 1)2A%]

for n € {0.6,0.7,...,1}. We fix Ax = 0.4 in this case. The
results are shown in Fig. 6. We observe the relations between

(78)

Snorm 1=
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Fig. 6. Success rates across normalized sample size Sporm-

success rates and Sporm are almost the same for all #’s so the
implied constant factor in < notation in (13) depends very
weakly on # (if at all).

Finally we numerically examine the relation between the
sample complexity and . We fix Ax = 0.4 and focus on
the regime where # is close to 1/2. For each 7, we use
the bisection method to approximately find the minimum
sample size per edge L that achieves a high success rate
g = 0.99. Specifically, the bisection procedure terminates
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Fig. 7. Normalized empirical sample size Snorm for n close to 1/2.

when the empirical success rate ¢ corresponding to L satisfies
|G — qm| < €, where € is set to 5 x 1073, We repeat such
a procedure 10 times to get an average result I:ave. We also
compute the resulting standard deviation and observe that it
is small across the 10 independent runs. Define the expected
minimum total sample size

N n A~
S = ) PLave.

To illustrate the explicit dependence of S on n, we further
normalize S to

(79)

A S
Snom (nlogn)/ A%’
thus isolating the dependence of minimum total sample size
on 5 only. We then fit a curve C/(27 — 1)? to Snorm, where C
is chosen to best fit the points by optimizing a least-squares-
like objective function. The empirical results (mean and one
standard deviation) together with the fitted curve are shown in
Fig. 7. We observe Snorm depends on # via 1/(27—1)? almost
perfectly up to a constant. This corroborates our theoretical
result in (13), i.e., the reciprocal dependence of the sample
complexity on (27 — 1)%.

For the case where # is not known, the computational and
storage costs turn out to be prohibitive even for a moderate
number of items n (see Appendix G). Hence, we leave the
implementation of the algorithm for the x-unknown case to
future work. It is likely that one may need to formulate
the ranking problem in an online manner [31] or resort to
online methods for performing tensor decompositions [30],
[32], [33]. Furthermore, existing online methods will also
have to be significantly enhanced for our algorithm to be
efficient.

(80)

VIII. CONCLUSION AND FURTHER WORK

In this paper, we have provided an analytical framework
for addressing the problem of recovering the top-K ranked
items in an adversarial crowdsourced setting. We considered
two scenarios. First, the proportion of adversaries 1 — 7 is
known and the second, more challenging scenario, is when
this parameter is unknown. For the first scenario, we adapted
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the SpectralMLE [10] and RankCentrality [7] algorithms to
provide an order-wise optimal sample complexity bound for
the total number of measurements for recovering the exact top-
K set. These results were verified numerically and the depen-
dence of the sample complexity on the reciprocal of (27— 1)?
was corroborated. For the second scenario, we adapted Jain
and Oh’s global optimality result for disambiguating a mixture
of discrete distributions [15] to first learn #. Subsequently, we
plugged this (inexact) estimate into the known-# algorithm
and utilized a sequence of continuity arguments to obtain an
upper bound on the sample complexity. This bound is order-
wise worse than the case where # is known, showing that
the error induced by the estimation of the mixture parameter
dominates the overall procedure.

A few natural questions result from our analyses.

1) The foremost concern is to narrow the gap in the sam-
ple complexities between the z-known and z-unknown
scenarios. This seems challenging given that (i) thresh-
old & in (66) must not be dependent on parameters
that are assumed to be unknown such as the weight
separation Agx and (ii) the fundamental difficulty of
obtaining a globally optimal solution for the fraction of
adversaries from samples that are drawn from a mixture
distribution. Thus, we conjecture that if we adopt a two-
step approach—first estimate #, then plug this estimate
into the 7-known algorithm—such a loss in the order of
the sample complexity is unavoidable. This is because
the fidelity of the estimate of # in Lemma 5 is natural
(cf. Chernoff-Hoeffding bound) and does not seem to
be order-wise improvable. We surmise that a new class
of algorithms, avoiding the explicit estimation of 7,
needs to be developed to improve the overall sample
complexity performance. Nonetheless, the analysis and
results herein might shed light on the fundamental limits
of machine learning problems that include a multi-stage
estimation and learning procedure.

2) If closing the gap is difficult, can we hope to derive
a converse or impossibility result, explicitly taking into
account the fact that # is unknown? Our current converse
result assumes that # is known, which may be too
optimistic for the unknown setting. One possibility to
strengthen the lower bound is to leverage converse
techniques in universal source and channel coding (e.g.,
Clarke and Barron [34] and Beirami and Fekri [35]).
Such techniques are significantly more involved than
routine applications of Fano’s inequality. Our situation
here in which we do not know # is somewhat similar
to universal decoding algorithms which do not have any
knowledge of the statistical model (source or channel).
Another possibility is to place a prior distribution on #
(i.e., adopt a Bayesian formulation), and to use this to
tighten the converse bound.

3) The tensor decomposition method [15], [16], while
being polynomial time in its parameters, incurs high
storage and computational costs. As discussed in Appen-
dix G, a tractable implementation to yield meaningful
estimates of 7 is challenging. There has been significant
recent progress on large-scale scalable tensor decompo-
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sition algorithms in [30], [32], and [33]. In these works,
the authors aim to avoid storing and manipulating large
tensors directly but the direct adaptation of these works
for our problem is still formidable. Since implemen-
tation is not the focus of the present work, we leave
the development of truly tractable algorithms to future
work.

4) Recent work by Shah and Wainwright [24] has shown
that simple counting methods for certain observation
models (including the BTL model and the mixture BTL
model) achieve order-wise optimal sample complexities.
In the observation model considered therein, for each
pair of items i and j, there is a random number of
observations R;; that follows a binomial distribution
with parameters L € N and probability of success
p € (0,1). Notice that the observation model in [24]
differs from ours.

5) Lastly, it would be interesting to consider other choice
models (e.g., the Plackett-Luce model [36] studied in
[37] and [38]) as well as other comparison graphs
not limited to the ER graph, as the comparison graph
structure affects the sample complexity significantly, as
suggested in [7, Th. 1].

APPENDIX A
PROOF OF LEMMA 1

For ease of presentation, we will henceforth assume that
Wwmax = 1 since this simply amounts to a rescaling of all the
preference scores.

To prove the lemma, it suffices to show that if 7 satisfies

[t — w; = max {5+logn £, 2”%1,/1;52}, then
the corresponding likelihood function cannot be the
point-wise MLE:

L(z,W\;;y;) < L(w;, W\;: y;). (A1)

We start by evaluating the likelihood function w.r.t. the
ground-truth score vector:

1
*(r) = 7 log L(z, w\;; Y;) (A.2)

= > vyrog(n—— 41— p—2
- ij 108 ”r—i—wj T+ wj

+ A=)
j:G,j)e€
+(1—Yij)10g(17 Tt W )]
J
(A.3)

+(1—n)

The likelihood loss w.r.t. w; and 7 is then computed as:

" (w;) — *(7)

= z {Y..]Og(nwﬂ‘w/ +d ’7)w+w,)
= i
Jili.j)eE N + (L= r
wj wi
’7 i+ + (1 - ’7) l+
+(1 — Yij)log( w ‘UTJ 1 wi+w; ] (Ad)
oy T =D
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Taking expectation w.r.t. Y; conditional on G, we get:

E [¢*(wi) — ¢*(2)|G]

= E D(fli a—n——-
e N Wi wi +
- A5
T y +@1 r/) ,-) (A5)
(@) ) )
Z np(2n — 1) |w; — 7| (A.6)

where (a) follows from Pinsker’s inequality (D(pllg) >
2(p — q)?; see [39, Th. 2.33] for example) and using the fact
that d; < np when p > 10%. Here d; indicates the degree of
node i: the number of edges incident to node i. This suggests
that the true point-wise MLE of w; strictly dominates that of
7 in the mean sense. We can actually demonstrate that this is

the case beyond the mean sense with high probability, as long

as |w; — 7| = 2”1 - 1;;)5: (our hypothesis), which is asserted
in the following lemma.
Lemma 7: Suppose that \w; — t| 7 2;11 i ffi’. Then,
C(wi) — €*(r) Znp@n — D w; — <[>, (A7)

holds with probability approaching one.

Proof: Using Bernstein’s inequality formally stated in
Lemma 12 (see Appendix F), one can obtain a lower
bound on ¢*(w;) — ¢*(r) in terms of its expectation
E [f*(w,-) — f*(r)|g], its variance Var [f*(w,-) - 5*(r)|g],
and the maximum value of individual quantities that we sum
over. One can then show that the variance and the maximum
value are dominated by the expectation under our hypothesis,
thus proving that the lower bound is the order of the desired
bound as claimed. For completeness, we include the detailed
proof at the end of this appendix; see Appendix A-A. ]

However, when running our algorithm, we do not have
access to the ground truth scores w\;. What we can actually
compute is

{’(r) logE(r w\;; Y;) (A.8)

instead of £*(r). Fortunately, such surrogate likelihoods are
sufficiently close to the true likelihoods, which we will show
in the rest of the proof. From this, we will next demonstrate
that (A.1) holds for sufficiently separated 7 such that |t —
w;| 7 max {5+ logn ¢, 2,7%1\/];[7?;}

As seen from (A.31), one can quantify the difference
between £(w;) and £(z) as

E(wi) — €(2)

_— [Y__ I(ﬂwi + A =nw)no; + 0 - ﬂ)T)]
A~ Y (it + A = ndj)(n; 4+ (1 — nw;)
j:G,j)e€

(t+w))(Hw; + (1 - ’7)101')) ]
1 .
* °g((wi T ;)i + (L= o)

(A9)

Using (A.9) and (A.31), we can represent the gap between
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the surrogate loss and the true loss as

E(wy) = L(x) — (* (wy) — £*(2))
(mw; + (1 —nw;)(nd; + (1 — r/)r)]
= Y| 11
j:g;‘eg ’[ { % [ (7t + (1 =) (o + (1 = nwi)
~log i (qwi + (1 = nwj)(qu; + (1 —n7) ”
(nr + (A = nw;j)(qw; + (1 — nw;)

~ A 1— .
+I log (71 R ) + log (—WJ al ")w’)
w;i +wj r]wj-f-(l—n)‘r

o (T+wj)_10 (ﬂwj+(1—i7)wi)]:|
& wi + wj g nwj + 1 —n)t ’
(A.10)

Using Bernstein’s inequality under our hypothesis as we did
in Lemma 7, one can verify that

E(wi) — C(x) — (L*(w;) — (7))
S E[fwn) — @) - @ (w) - C@)Ig]

= Z gn(lz)j)

Jj:G,j)e€

(A.11)

where

g”(t)
_ i+ -nw, [lo { (qwi + A=mt) (gt + (1 — n)7) ]
wi + w, (7 + A = mn)(nt + (1 — pw;)
—log[ (qwi + A —nw;)(qw; + (1 —n1) ”
(7 + (1 = nw;)(qw; + (1 — nw;)
T+t nt+ (1 —nw;
Hog(wi +t) +10g( nt+ (1 —nz )
(T—i—wj) (nwj—i-(l—’?)wi
—log{ —— ) —log{ ——
w; + w;j nw;j + 1 —n)r
Here the function g,(¢) obeys the following two properties:
(i) gy(w;) =0 and (ii) the derivative satisfies

‘Gg”(t)

) . (A12)

ot

_ 2n =Dl — wi|
(nt + (1 —mo)(nt + (1 — nw;)
X”?wi + (1 = nw; n(l = n)(t* — tw;)

wi+w; (i + (1= (e + A —n))
P = (1= puwit
—(r 0w, (A.13)
(a)
< @n =12t —w (A.14)

where (a) follows from the fact that

. n(1 =)@ — w;)

w; + w;j (mw; + (1 = mt)(nr + (1 = n)1)
12— (1 —puwit

TG+ 0w+ 1) S @n=1.

‘ﬂwi + 0 = nw;

(A.15)

Notice that the left-hand-side in the above is zero when
n = 1/2. This together with the above two properties
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demonstrates that
0g n )
ot

(A.16)

|gl7(t)| = |gi7(wj)|+|t_wj|' sup

t€[wmin, Wmax]

< @n— 17l — willt — wjl.

(A.17)

Applying this to the above gap between the surrogate loss and
the true loss, we get:

[Ew) = E@) = (€ (i) - ()|
S DL @@= —willidy — wj]
ji,j)e€
<@p=Dr—wil D, DY —w)l
jii,j)e€
where the inequality arises from our hypothesis, namely that
|0 —wj| < |u§1;b — w,| for all j € [n].
We now move on to deriving an upper bound on (A.19).

From our assumptions on the initial estimate, we have

(A.18)

(A.19)

i — w? < @™ — w)? < |w]?6* < nd*>.  (A.20)
Since G and " are statistically independent,
El D 1% —w,l| = pl®™ - wl)
Jjiij)e€ i
< pJ/nl®™ — w| < npé,

(A21)

E| > 1% —w;?| = plld™ —w|* <nps®. (A22)
Jilij)eE ]

Recall our assumption that max |1Z);‘.b —w;j| < ¢. Again using

Bernstein inequality in Lemma 12 for any fixed y > 3, with
probability at least 1 — 2n~7, one has

~ ub
2 10 —w)l

ji,j)e€
<E| D, 10— wl
Jj:@,j)e€
+ [2ylogn-E | > [d% —w;]? +2—y510 n
v log L j J 3 g
ji,He€
(A.23)
2
< npd++/2ynplognd + %f logn (A.24)
(@) 2y
< npd+ /ynpo+ ?flogn (A.25)
(b)
< ynpd+yclogn (A.26)

where (a) follows from our choice on p (we assume
p > 212‘%") and () follows from the fact that 1 + /7 <y
for y > 3. This combined with (A.19) gives us

Ewi) = (@) = (€ (w) = ()|
logni)

np

< @n— 1)t — wilnp (5 + (A.27)
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We are now ready to control f(wi) — f(r). Putting (A.7)
and (A.27) together, with probability approaching one, one
has

{(wi) — £(7)
= 0 (i) — £ (7)

— @7~ Dt — wilnp (5 + loi" 5) (A28)
Z npQn— 1w — 7

— @7 =127 — wilnp (5 + l(;gnf) (A.29)
zZ0 ! (A.30)

where the last step follows from our hypothesis: |w; — 7| =
o+ 1?%5. This completes the proof of Lemma 1.

A. Proof of Lemma 7
Another representation of the true loss is:
C*(wi) — (1)

_ 5 (qwi + (1 = w;)(qw; + (1 = nr) ]
= 2 [Y”l"g{<m+(1—n)wj)<nw,-+<1—n>w,-)

Jiij)e€
(t+wj)(w; + 1 - ’7)101')) ]
+1 A3l
°g((wi )Gy + (= 1)) (A3
This gives
Var [¢*(w;) — £*(1)|G]
= Var Z Yij
Jiij)eE
« Io i (mw; + (1 = w;)(qw; + (1 —n)7) (A32)
(nr + (A = nw;j)(qw; + (1 = nw;)
(@)
S lwi —tP@p—1* D Varlyy] (A.33)
Jilij)eE
= |w; — t]*@2n - 1)?
(mw; + (1 = pw;)(qw; + (1 — nNw;)
X Z _ - (A.34)
Jiig)eE Lwi +wj)
< lwy —e2@p — 1?22 (A.35)

where (a) follows from the fact that logg < ﬂa;a for
f > a > 0. Also note that the maximum value of individual
quantities %Yig.[) that we sum over is given by
1
L

(9]
Y;;

o [ (qwi + (1 =) (qu; + (1 — 1) ”
(nr + (1 —nwj)(qw; + (1 — nw;)
< |w; — TIIon — 1). (A36)

Making use of Bernstein’s inequality together with (A.5),
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(A.35) and (A.36) implies that conditional on G,
C(wi) = €%(7)
> E[0*(w;) — €*(2)IG]
—/2y logn - Var [(*(w;) — £*(7)|G] — 2%3 logn (A.37)

nplogn

2 np@y = 12w — o = 2y | R = zl@ = 1)

2 i — 7|2y —1

_Zylwi—t@n -1, (A38)

3 L
> npQ2n—1)?*|w; — 7|

2 nplogn

—(Jzy +7y) PN lan 1) (A39)
(ﬁ) N2 2
= npQ2n— 1) |w; — 7| (A.40)

holds with probability at least 1—2n’7 . Here (a) follows from

Tqe _ — logn
our hypothesis: |w; — 7| 2;1 L
APPENDIX B

PROOF OF LEMMA 2

As mentioned earlier, the proof builds upon the analysis
structured by [7, Lemma 2], which bounds the deviation of
the Markov chain w.r.t. the transition matrix P (defined in
Algorithm 2) after ¢ steps:

I pr — wl| - | po — wll [wWmax n 1 1A Wmax
llw]] flwl] Wmin l—p Wmin
(B.1)

where p; denotes the distribution w.r.t. P at time ¢ seeded by
an arbitrary initial distribution po, the matrix A := P — P
indicates the fluctuation of the transition probability matrix
around its mean P := IE[P] and p 1= Amax+ Al
Amax = max{A,, —1,} and /; indicates the i-th elgenvalue
of P.

For an arbitrary # case, a bound on ||A]| is:

wmax

. Here

1 logn

Al S ——
2n—1

B.2
npL (B.2)
which will be proved in the sequel. On the other hand, adapting
the analysis in [7] (particularly see Lemma 4 in the reference),
one can easily verify that p < 1 under our assumption that
Lnp 7 Applying the bound on ||A|| and p < 1 to the

ogn
(271%1)2'
above gives the claimed bound, which completes the proof.

Let us now prove the bound on ||A]|, which is a general-
ization of the proof in [7]. Let D be a diagonal matrix with
Dj; := Aji. Let A := A — D. Note that

||A||f||D||+||A||zml,aX|Aii|+||A||~ (B.3)
We will use Hoeffding inequality to bound |A;;|. As for
|All, we will focus on bounds of E[|A;j]?], since Tropp
inequality in [27] turns out to relate the bound of E[|A;;]7] to
that of ||A||, as pointed out in [7]. Hence, here we provide
derivations mainly for the bounds on |A;;| and E[|A;;]7].
Later we will appeal to a relationship between ||A| and
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E[A;;|P], formally stated in Lemma 8 (see below), to prove
the desired bound on ||A].
Bounding |A;i|: Observe that

Ldmax Aii = —Ldmax z Ajk
ki
L (l’)
Y, — (1 -
:_Zz( ( ) w_”jr"w ) (B.4)
ki (=1 i k
. Yk(if)*(lfﬂ) h h E
Let Xyp = T erwk Then, we have E[X;,] = 0
and —'Z—H < Xie < 2— Using Hoeffding inequality, we
obtain:

20 555)’
Ld;

2n—1
TEU T
Ldmax ' '

Pr(|LdmaxAji] = t] < 26Xp(—

< 2exp (—

211 ) for some ¢ > 0, one

Choosing ¢ = c¢+/Ldmax logn<
can make the tail bound arbltrarlly close to zero in the limit

of large n. Also dmax < np when p > 10%. Hence, with

probability approaching one, one has || D] < _2’71_ : 1:52
Bounding | A||: A careful inspection reveals that
A= Z (eieJT —eje] )(pij — Pij) (B.6)

i<j:(i,j)e€
where e; denotes the standard basis vector in which only the
i-th entry is 1 while the others are zeros. Here with a slight
abuse of notation, we use £ to indicate Enit - As mentioned
earlier, we intend to make use of the concentration result by
Tropp [27] for sum of independent self-adjoint matrices. To
this end, we apply the dilation idea in [27] for symmetrization:

Zij = Aij Ay = 0 i el | a B
ij = AijRAijj = ejeiT_eiejT 0 ij- (B.7)
Note that
1Al ={ D (eiel —ejel)(pij — pij)
i<j:(i,j)e€
= Z AjjAij || = Z Zjj (B.8)
i<j:(i,j)e€ i<j:(i,j)e€

We now invoke Tropp’s inequality formally stated in the
following lemma.

Lemma 8: Consider a sequence Z;; of independent random
self-adjoint matrices. Assume that

E[Zij1=0 and E[Zp]< RP A%, p=2. (BY
Define 62 := H 2 Alzj
122
Pr HiZj:Zij =il <ep(-5 7). ®BIO)
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To figure out what Aij, o2 and R are, we consider

@)
E[z]] < E[A]]1A}, (B.11)

(O]

o2+l 1 -
=2\ -1 Jiaz,

2
-1 1
2n+1Ld2, 7

max

(B.12)

To see (a), note that A{} is equal to Aiz. when p is even; A;;
otherwise. Also one can verify that the eigenvalues of A;; are
either 1 or —1. Hence, A?. < A2 To see (b), observe that

ij —
). (B.13)
wj

0]
Y. —(1—n)
Jt
LdmaxAij = E ( 2’7_1 -
Applying Hoeffding inequality into the term inside the

(=1
summation, we get
2(121=1)2
Vol . (B.14)

wj
w; +

Pr[|Ldmax Aij] = t] < 2exp(— 7

which yields

2n—1\?
Pr[lAij|zt]§2exp(—2t2(2:;ﬁ) d;ax) (B.15)

This implies that A;; is a sub-Gaussian random
Hence, we obtain the bound

p
2n+1 1
E[la;1"] = (” 1W) (B.16)
max

variable.

which yields (b) in (B.12).

_ 2p+1 1 2
We now see that R = 1 and Aj =
%Z +} i A2 Some calculations yield
= 2 A (B.17)
i<j:(i,j)e€
2n—1
= 1@, j) e &}
27]—%—1La’2 lzljzl::l
T T
ee; —l—ejej 0
B.1
* |: 0 eiel —}—ejeT (B.18)
2n—1
=5 Z [ele OT} (B.19)
27]+1L max ||;—| €jé;
2np—1 1
= : (B.20)
257 + 1 Ldmax

Now applying Lemma 8 and using the fact that ||A|| =
I Zi,j Zijll, we get:

—12)2

@n+1)?
Ldmax (2n—1)?

Pr(||A| = ¢] <2nexp T

\/Ldglax(znfl)z
(B.21)

Under the assumption that dpax < np > logn and choosing
t = 201 logn/(npL), the tail probability is bounded by
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2n exp{—c% logn} for some constants ¢ and c¢p. Hence, with
probability approaching one, we get the desired bound:

- 1 1
1A S —— =2, (B.22)
2n—1\ npL
APPENDIX C

PROOF OF LEMMA 3

Proof: 1In this proof, for the sake of brevity, we only
highlight the parts of the proof of Lemma 1 that have to
be modified when we use # in place of # in the likelihood
function.

Define

k*(r) = log L(z, w\;; Y‘ter) (C.1)

W
:2 Y;jlog (7 | ) —
i ij Og(nTerj +( 77)1+wj)

J:,)eE
T
1-Y;)1 7 .
A ”) Og(”r r—i—wj)]
(C.2)

wj N
+ (-
ey (1 -7

Notice that x* is similar to ¢* in (A.3) except that 7 in the
latter is replaced by its surrogate 7 in the former because we
only have access to this estimate.

Consider the difference

k*(w;) — x* ()

Ui
— Z [ Yl] log( jl)z +w/
Jilij)eE "f+w

A wj
+ (= D5,
+ (1= D ex;

+ (=D
+(1—y,-j)1og( j‘"jfj’f w*“” ] (C.3)
r+w + (1 '7) T+w_/

Now when we take expectation

wj

E[Y;j1=17n +—=n) (C4)

w; + wj w; + wj’
Note that this is in terms of # and not # as in the differ-
ence of the empirical log-likelihoods in (C.3). In particular,
E[x*(w;) — k*(z) | G] is not a sum of KL divergences but
instead there is some “mismatch”. However, by some basic
approximations, we have

E[x*(w;) —x*(z) | ]

:j:(§eg[(’7wl+w = +w,)
N Fw; +0d - ’7) T+w
w;j
+("7l+ (1 —n)wl+w1)
x 1og(ﬁf”'i+zf”f M )] (C.5)
oy + 0 =D
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z > [ (;77 1—-ip—— )
~ w; +w + w;
Jii.j)e€ ' Wi

A w;
xlog(”“"ﬂ’f + - )w,»+ij)

N A wij

Nega; (L=

(i 2 )
n ;i + w n l+w]
Al (1 — ) 2
xlog( > ’Zf” e ] (C6)
'71'+wj ( _'7)1+w‘
R w;
P G P
G, j)eE ! J ! J
T w;
7 1—7 J C.7
771+wj+( n)thj) (C.7)
= npi — D w; — | (C.8)

where

1) (C.5) follows from the difference of x*’s in (C.3) and
the expectation in (C.4);

2) (C.6) holds with high probability (guaranteed by the
sample complexity bound in Theorem 2) by multiplica-
tively and uniformly approximating nw; + (1 — n)w; by
nwi+(1—fw; and nw;+(1—nw; by fw;+(1—iw;
using Lemma 9 (in Appendix C-A at the end of this
appendix) with constant v = 0.1 (say);

3) (C.8) is an application of Pinsker’s
[39, Th. 2.33].

The punchline in this calculation is that with our choice of

parameters, the scaling of the lower bound of E[x™(w;) —

k*(tr) | G] is the same as that for the known 7 case in (A.6).
Now we bound the conditional variance. We have

Var [x*(w;) — x*(7) ’ G|
2. Vi
j:G,j)e€

[ (qwi + (1 — Pw;)(quw; + (1 - fv)r)]
x lo

inequality

= Var

(7 + (1 = pwj)Gu; + (1 — w;)

(C.9)

Slwi —7@ij—1)> D Var[yy] (C.10)
j:(i,j))e€

. 1

< lwi—tP@i-1> > — (C.11)
j:(i,j))e€

< loi = oP@i = D (C.12)

where
1) (C.10) follows from the original argument as in the proof
of Lemma 7 in Appendix A-A;
2) (C.11) follows from the fact that the variance of any
Bernoulli random variable is upper bounded by 1/4;
3) and (C.12) holds with high probability due to the nature
of the Erdds-Rényi graph.
Thus, by using the bounds in (C.8), (C.12) and Bernstein’s
inequality (Lemma 12), and mimicking the proof of Lemma 7
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in Appendix A-A with # in place of 7, we may conclude that

K (wi) — ¥ (1) ZnpQi — D w; — 7[>, (C.13)
By Lemma 10 which allows us to multiplicatively approximate
(27—1)% with (27—1)? (to within a constant factor of (1—v)?),
we also have
K (wi) — " () ZnpQy — DPw; — 7> (C.14)
with probability tending to one polynomially fast.
Just as in the proof of Lemma 1, we do not have access
to the true ground truth scores w\;. We instead analyze the
behavior of surrogate log-likelihoods # with the true score

vectors w\; replaced by their estimates w,;. We have

k(w;) — k(1)
(i + (1 — Didj) (A + (1 — ﬁm]
= Yll ~ AN A A A A~
j:(%“eg[ ! { (Gt + A —poj)Hw; + (1 — Hw;)
(t + o)) (A + (1 — mw,-)”
1 .
log { (i + ;) (Rib; + (1 — A)7)

(C.15)

In a similar way to the case where 7 is known (cf. (A.10)), we
can quantify the gap between the difference of surrogate log-
likelihoods & (w;) — & (7) and difference of true log-likelihoods
k*(w;) — k*(r) as follows:

k(wi) — k(t) — (c*(w;) —x*(1)) S

> g,

j:,))e€
(C.16)
where now
gn,fy(t)
_ i+ (A =nw; I o ((ﬁwi+(l—f7)t)(f7t + (1 - fv)r))
w; + w; (e +1A =iy (it + (1 — w;)

i ((ﬁwi + A —pwj)(uw; + (1 — ﬁ)f)) ]
“log

(7 + (I = pw;)(Guw; + (1 — Pw;)
T+t r}t+(1—f7)w,-)
+10 +10 S ——
g(wi+t) g(nt+(1—f7)f

( T+ w; )
—log(—L) -
w; +wj
Note that g, ,(t) = g;(¢) in (A.12) in the proof of Lemma 1.
The reason why # appears in the leading factor in (C.17)
is because we are taking expectation of Y;; which is gen-
erated from the true model with parameter 5 (cf. (C.4)).
The parameter 7 appears in {...} in (C.17) because the log-
likelihood function x*(-) (cf. (C.2)) is defined with respect to
the surrogate 7 since here we assume we have no knowledge
of the true 7.

Several properties of g,(t) were studied in the proof of
Lemma 1. Here we need to study g, 5(t). In fact, by using
Lemma 9 to approximate nw;+(1—#)w; with fjuw;+(1—Hw;,

o (ﬁwj + (1 = Pw;

) e
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we see that with probability tending to one polynomially fast,

giy,ﬁ(t)
< Mwi+(1—pw; { o [(ﬁwi+(1—f7)f)(f7f +(1— '?)T)]
~ witw;j (e +1—=ipt) (it + (1 — w;)

“log { (qui + (1 — Pw;)(w; + (1 —7)1) ”
(it + (A = Pw;)(qw; + (1 = Dw;)

T+t ﬁt—i—(l—fy)wi)
+1o +1o =T A
g(wi+r) g(m+(l—n>r
. o . 1_ o .
_log(ﬂ) g (ﬂwzﬂ—ﬂ)w) (C.18)
w; + w;j nwj 4+ (1 —n)t
= g;(1) (C.19)

where g;(1) is g(#) in (A.12) with 5 replaced by 7. Basically,
we replaced the factor #jw; + (I — #)w; with (a constant
multiplied by) nw; + (1 — y)w; in (C.18). Now, the bound
in (C.16) can be further upper bounded as

D &)

k(wi) — & (r) — (k" (wi) —x*(1)) S
j:,))e€
(C.20)

The rest of the proof of Lemma 1, in particular the steps
in (A.37)—(A.40), goes through verbatim with # replaced by 7.
Finally, we can use Lemma 10 to multiplicatively approximate
(27— 1) with (25 — 1) to complete the proof of Lemma 3. H

A. Approximation Lemmas and Their Proofs

Lemma 9: For any pair of weights (w;, w;) and any con-
stant v > 0, if

2
L (%) log & (C.21)
VWmin 0
we have that
}(’Zw’_’_(—iﬂwf) —1l<v (C.22)
nw; + (1 = MHw;

with probability exceeding 1 — 0.

The important point here is that this approximation is
uniform over (i, j) € [n]> and as n — oo; cf. the lower
bound on L in (C.21) and the threshold v in (C.22) do
not depend on (i, j). This bound implies that, with high
probability, we can readily approximate yw; + (1 —n)w; with
(1 £v)(jw; + (1 — f)w;) for any constant v > 0. Also note
that since wmin, Wmax = O(1) and v > 0 is also a constant,
the bound in (C.21) is in fact L 7 log% =< logn (with
0 = 1/poly(n)). This is clearly satisfied by the assumption
in (16) in Theorem 2.

Proof: [Proof of Lemma 9] Assume without loss of gen-
erality that w; > w; (the expression in (C.22) is symmetric
in w; and w;). Consider

. 1— .
[—’Zwl ll ;z)wj > 1+vi|
nwi + (1 — Mw;
= Pr [(77 —iN(w; —wj) > viw; +v(l — ?])wj] (C.23)
< Pr(n— ) (wi — wj) > viomin] (C.24)
=Pr [n -7 > vﬂ} (C.25)
w; — wj
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< Pr [;7 —i>v wmm} (C.26)
Wmax
< Pr [m —hl > vm} (C.27)
Wmax

where in (C.24), we lower bounded w;, w; by wmin, (C.25)
assumes that w; > w; and (C.26) follows because w; —

wj < w; =< Wma- A bound for the other inequality
P (w <1- ) roceeds in a completely analogous
i+ (=A)w; P pretely analog

way. Since wmin, Wmax = (1), the result follows immedi-

ately from the union bound and the probabilistic bound on

|# — 5| (Lemma 5). ]
Lemma 10: For any constant v > 0, if

L= L joe? (C.28)
——= 102 — .
~ V22— 12 %
we have that
25— 1
( ) —1]<v (C.29)
2n—1

with probability exceeding 1 — 6.

Here, in contrast to Lemma 9, (27 — 1) in (C.29) may be
vanishingly small, so the lower bound on L in (C.28) contains
the additional term (25— 1) Proof: [Proof of Lemma 10]

Consider
2 -1 n—n|_v

Pr ( )—1 >v|=Pr > 21 (30
2n—1 2n—1 2

R v

:Pr[|77—r]|>§(271—1)].

(C.31)
But we know from Lemma 5 that if
1 n 1 n
Ly ————log-x 5———>log, (C.32)
(32n - 1)) 5 T V22 —1)2 °§
then the probability in (C.31) is no larger than . [ ]
APPENDIX D

PROOF OF LEMMA 4

From the proof sketch in Section VI-D, we see that it
sufﬁces to prove the upper bound on || A || in (71). The entries
of A are denoted in the usual way as AU where i, j € [n].
When # was known, it was imperative to understand the
probability that

(X vy)) —La -
Fij = LdmaxAij = 277 1 —L

wj

w; +wj
(D.1)
deviates from zero. See the corresponding bound in (B.14).

When one only has an estimate of #, namely 7, it is then
imperative to do the same for

.z -
Fij = 27— 1

L(l - f/) wj
— L . (D.2)
wi + wj

Our overarching strategy is to bound I:“ij in terms of Fj; and
then use the concentration bound we had established for Fj;
in (B.14) to then understand the stochastic behavior of Fj;.
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To simplify notation, define the sum U := LY;; = Z;rzl Yig.g).
Consequently,

|Fyj = Fij
U-LO—7 U—-L(1—-
_ L= _ ) D23)
2n—1 2n—1
1—7 1 - 1 1
<Lt i yl— — (D.4)
2n—1 2p—1 2n—1 2p—1
1—7 11— 1
O —— (D.5)
2n—1 2p—1 2n—1 2p—1

where the final bound follows from the fact that |U| < L
almost surely (since Yig.f) € {0,1}). Now we make use of
the following lemma that uses the sample complexity result
in Lemma 5 to quantify the Lipschitz constant of the maps
t > 55 and  — 3=L in the vicinity of t = (1/2)*.
Lemma 11: Let 21 : (1/2,1] —> Ry and Ay : (1/2,1] —
R be defined as

and () := ; (D.6)

11—t
j'l(l‘) = 2t—1

2t — 1
Then if
Ly —— logZ (D.7)
(25 — 1)2 0
with probability exceeding 1 — d (over the random variable
7 which depends on the samples drawn from the mixture
distribution (5)), we have for each j =1, 2,

G = 00 = sl @)

The proof of this lemma is deferred to Appendix D-A at the

end of this appendix. We take 0 = 1/poly(n) in the sequel
so (D.7) is equivalently

L logn
~@2n—1)?
which when combined with § = (;) pL is less stringent than

the statement of Theorem 2. Thus, under the condition (D.9),
Lemma 11 yields that

(D.9)

. 6L 1
Fij = Fij| < o~y =l (D.10)

with probability exceeding 1 — 1/poly(n). By the reverse
triangle inequality, we obtain

Fij — Fyj| = || Ej] — |Fyjl. (D.11)

To make the dependence of |77 — | on the number of samples
L explicit, we define

er = |n—nl (D.12)
By uniting (D.10)-(D.12), we obtain
|Fij| —&f, < |Fij| < |Fijl+e], (D.13)
where
gl = 162 € (D.14)
For later reference, define
16L
“ dmax €L - (D.15)

NI
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With the estimate in (D.13), we observe that for any ¢ > 0,
one has

Pr [|ﬁ,j| > t] <Pr[|Fjl+&, >=t] =Pr[|F;jl >t — ¢} ]
(D.16)

where the randomness in the probability on the left is over
both # and Y := {Yig.{) : € € [L], (i, j) € &} (the former
is a function of the latter) whereas the randomness in the
probability on the right is only over Y. Thus, by using the
equality F;;j = LdmaxA;; and applying Hoeffding’s inequality
to (D.16) (cf. the bound in (B.14)), we obtain

A 2((1—¢)) 3051)?
Pr||LdmaxAij] = 1] < 2exp (—M) . (D.I17)
Now by the same argument as in (B.4), LdmaXA,-,- =
— 2 kzi LdmaxAik = — 24 ; Fik so we have
|LdmaxAii| — €] < |LdmaxAii| < |LdmaxAii| + 7. (D.18)

As a result, similarly to the calculation that led to (D.17), we
obtain

R 2((t—g" 2n—1y2
Pr || LdmaxAis] = 1] < 2exp (—((’557;2”“)) (D.19)

From the Hoeffding bound analysis leading to the non-
asymptotic bound in (D.19), we know that by choosing

2 1
t = cx/Ldma 1ogn(2’7 + 1) +el, (D.20)
n—
for some sufficiently large constant ¢ > 0,
o 1
Pr [|LdmaXA,-,-| > r] - 0( ) (D21)
poly(n)
In other words,
o 1 1 “
Al S 8% 4L (D.22)
27’] — 1 Ldmax Ldmax

with probability at least 1 — 1/ poly(n). Recall the definition
of &7 in (D.15). We now design (¢r, £7) such that

el 16 1 Jlog?n (D23)
= SL = . .
Ldmax 2y —1)2 25 — 1V Ldmnax

Now note dmax = O (logn) with high probability. This implies
that the second term in (D.22) dominates the first term. Thus,

1 log2 n
27 — 1V Ldpax’

with probability at least 1 — 1/poly(n). A similar high
probability bound, of course, holds for |Aij| if we choose
t in (D.17) similarly to the choice made in (D.20). We may
rearrange (D.23) to yield

log®n
e < (2n — l)fl Lf .
max

Given the bound on the diagonal elements Aji in (D.24) and
a similar bound on the off-diagonal elements A;;, similarly to

[Aii] S

(D.24)

(D.25)
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the proof of Lemma 2 in Appendix B, the spectral norm of A
can be bounded as

1A L flog’n
~ 25— 1V Ldma

(D.26)

Now we check that the lower bound on L is satisfied when we
choose €7, according to (D.25). Using the sample complexity
bound in (70) and rearranging, we obtain

logn
~@n-n
which when combined with § = (;) pL is less stringent than
the statement of Theorem 2. This completes the proof of the
upper bound of ||A|| in (71).

As a final remark, let us mention that we could have
improved the sample complexity Sa, from being dependent
on the reciprocal of A‘}( in (16) to being dependent on the
reciprocal of A%( if the value of Ag is known a priori. If

it were known, we could have incorporated it into the choice
of &7 in (D.23).

(D.27)

A. Proof of Lemma 11

Consider the functions A (1/2,11 — R and 4,
(1/2,1] — R given by (D.6). By direct differentiation, we
have

(1) =

and A5(t) = (D.28)

-1 -2
2t — D%’ 2t — 1?2
We note that an everywhere differentiable function g is Lip-
schitz continuous with Lipschitz constant sup|g’|. We now
assume that #, 7 € [#*, 1] for some #* > 1/2. By using the
fact that 2/(25* — 1)? is an upper bound of the derivative of
Ajlg 1y (ie., A restricted to the domain [#*, 1]), one has

2
Ai() — 4 <— |- D.29
14 () — 2 (n)] < Q- l)2|f7 il (D.29)
for j = 1,2. We now put
1 1
* .__ _
N o= 2(17+ 2). (D.30)

This quantity is the average of 1/2 and » and so is greater
than 1/2 as required. Also, # — * = /2 — 1/4. Now, (D.29)
becomes

. . 8
Ilj(n)—lj(n)ls( sl —nl = e )Zln il

2
n—1/2)
(D.31)

for j = 1,2 if # € [n*, 29 — n*] C [n*, 1]. The probability
that this happens (recalling that 7 is the random variable in
question) is

. . n 1
Prln*<p<2yp—n*|=1-P - ———.
(7" < i <2n—n"] r[ln n >3 4]

(D.32)
From Lemma 5, we know that if
1 n

L~ —log—, D.33

% —log > (D.33)
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then we have |77 — 7| < & with probability at least 1 —J. Hence,
if

logt (D34

n
log — <
og 5

1
SRTISICRL NGy
then (D.31) holds with probability at least 1 —d. This completes

the proof of Lemma 11.

APPENDIX E
PROOF OF LEMMA 6
A. The Scaling of Singular Values o;(M3)

Since M3 is symmetric and positive semidefinite, its eigen-
values (which are all non-negative) are the same as its singular
values. Since the eigenvectors are invariant to scaling, let us
assume that

v =mo + bmy (E.1)

is an eigenvector. Then by uniting the definition of M3 in (56)
and (E.1), we have
Moo = (qllaoll* + nb(mo, m1))mo

+((1 = malzo, m1) +b(1 =z |H)71.  (B2)
Since v is assumed to be an eigenvector, Mo satisfies that
Mo = oo (E.3)

where o is some eigenvalue or singular value. Since 7z is
linearly independent of 7, this equates to

nlmoll® + nb(mo, 71) = (E4)
(1 =nalry, 71) + b(1 — n)||7, ||2 = ob. (E.5)

Now note from the definitions of 7¢ and 7| that
EN e (E.6)

because the elements are the same and z; is simply a permuted
version of 7g. So we will replace lz1]|? with ||z hence-
forth. Eliminating ¢ from the simultaneous equations in (E.4)
and (E.5), we obtain the quadratic equation in the unknown b:

n(mo, T1)b* + 25 — Dllzoll*b — (1 — n){(zo, 71) = O(E.7)
which implies that

—@2n—="1)||zol> £/ 2n—1)2|zol|* +4n(1— 1) {mo, 71)?

b* =
2n{mo, m1)
(E.8)
Now, we observe that
w; W ;
(mo, 1) = D 2o (E.9)
G,j)eE ' J
2
+ w
lzol> = > ——%. (E.10)
) e ( w; + wj)

so by the fact that wmin and wmax are bounded, we see that
(mo,m1) = O(|&]) and [lmo|* = O(|&]). Plugging these
estimates into b*, we see that b* = ©O(1). Thus, by (E.4),
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we see that with high probability over the realization of the
Erdés-Rényi graph,

oc=0(E)=0 (’I”zp) -

This scaling holds for both singular values a1 (M>) and o2 (M>)
so this proves (76). Two distinct values for the singular values
due to the £ sign in »* in (E.8). This completes the proof
of (76).

(E.11)

B. The Scaling of Block-Incoherence Parameter u(Mo)

Now let us evaluate the scaling of wu(M;). From
(E.1) and (E.8), we know the form of the eigenvectors of M.
The singular vectors must be normalized so they can be written
as

b= (E.12)
loll2
Since the length of v is 2|£|, and the values (elements) of v
are uniformly upper and lower bounded, it is easy to see that
loll2 = ©(/]E]). As a result, one has

13:@(\/%)0.

Thus, each subblock of U has entries that scale as O (|€]~'/?)

and so
o], =o(<55).

As a result, from the definition of x(M3) in (72), we see that
1 (M>) is of constant order, i.e.,

u(Mp) =

which completes the proof of (77).

(E.13)

(E.14)

(1), (E.15)

APPENDIX F
BERNSTEIN INEQUALITY

Lemma 12: Consider n independent random variables X;
with |X;| < B. For any y > 2, one has

2]

with probability at least 1 —2n™7 .

n
< |2y lognZE[Xiz] + 2?yBlogn

i=1

(F1)

APPENDIX G
STGD METHOD TO SOLVE (60)

In this appendix, we describe how to solve (60) in
Algorithm 3 using the STGD method (cf. Huang et al. [30]).
We also discuss some difficulties in directly using [30] on our
problem in which |£| is assumed to be large (for Theorem 2
to be valid).

First, define a linear operator 7 :
given by the recipe

R2\5|x2\£\x2|£\ —> R2x2x2

(W) := Pa,(W)[ Qg ]5- (G.1)

2223

Then (60) becomes
2

) ®3X(f)
argmin {1 f(Z):= |t Z [PM2]3 — 7
ZeR2x2x2 o4 |Z5| .
(G.2)
Next, we rewrite f as follows
f(2)
<[ (2 (P )H
-2 Z Py — 3y® G.3
<T [P ) 1| PILp ©
IEIQ

= | (71ra. )H

1
—2<r(z (X, X, X)), ol Zr(x,®x,®x,)> (G4

tel

- Bzl

—2<T (z [PM2]3), T (®3X(’))>,

E}

(G.5)

where ‘=’ omits constants that are independent of Z, i.e.,
f(Z) = g(Z) if and only if f(Z) = g(Z) + ¢ where ¢ does
not depend on Z. Now, define

s () -2 el ('59)
(G.6)
then f(Z) = ﬁZteIg f1(Z). Therefore we can use the

STGD method [30] to minimize f over tensors Z € R>*2*2,
It remains to find the gradient of f;. For any (small perturba-
tion matrix) AZ € R2*2%2 we have

fi(Z+AZ)
2
= [+ (Pl + 82 [Pa),) |,
— 2<T(Z [PM2]3 +AZ [PM2]3)’ T (®BX(I))>
= @) +2(c (8z[Pg];). 7 (Z[Pa,], - ©'1"))
+o(IAZIp). G3)

By definition, the Fréchet derivative [40] of f; at Z, D f;(Z) :
R2%2%2 5 R is defined as

[D fi(Z)1(AZ)
= 2<r (AZ [PMZ]S), T (Z [PM2]3 — ®3X(t))>.
To find an explicit form of the gradient of f; at Z, denoted as
V f1(Z), we write [D f;(Z)] (AZ) in the form (V f;(Z), AZ).
Define B;(Z) := (Z[PM s - ®3Y(’)). Then, for any

AZ € R**?*2we have (G.10)~(G.16) at the top of the next
page. Therefore, we find that the gradient of f; is

V fi(Z) = 2Pq, (BT(Z) [QTﬁzL) [P%2]3 .

However, from (G.13), we observe that the complexity for
computing the gradient V f;(Z) is ®(|€?). Since Theorem 2

(G.7)

(G.9)

(G.17)
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[Df(2)](AZ) = 2<T (AZ [PMZ]S), Bt(Z)> (G.10)
3
=2 Z Z (AZ [PMz )l Ay H lk i (Bi(2)) . j», 3 (G.11)
Jisj2, J3€121 1,012,362 D28 1
3
= 2 Z Z Z (Az)a|,a2,a3 H ak ix H lk Jk (BI(Z))j1:j2:j3 (GIZ)
J1,J2,73€12] i1,i2,i3€Q3 ay,a2,a3€[2] k=1 k=1
3 3
=2 > ADawa D > (Bt(Z))jl,jz,nH(quz). . H(P}h) (G.13)
L. . Jkolk U ,agk
ay,az,az€[2] i1,i2,3€Q3 \ j1,/2,/3€[2] k=1 k=1
3
=2 Y ADowa >, (B@[eL]) . TI1(P5), (G.14)
ar,az,a3€(2] i1,i2,i3€Q ity ) ook
-2 AZ (P (BZ[Z])[PZ]) G.15
. azza;dz]( )a],az,a3 Q3 1 ( ) QM2 ; M |5 s ( )
_ T
_2<7>g3 (B,(Z)[QMZL)[ Mz] AZ> (G.16)

requires || (which is close to (g)p = O(nlogn) w.h.p.) to
be large, the complexity for computing V f;(Z) dramatically
increases as |£| grows. Moreover, note that f; in (G.6) is
not separable across the triple of indices (if,i2,i3) € Q3
so a further stochastic gradient descent-like algorithm to
minimize f; may not be easy to derive. The same problem
also arises in the computation of B;(Z). That said, the STGD
algorithm described herein can at least deal with dataset with
a large L, thereby providing only a partial remedy to the
scalability issue pertaining to Algorithm 3.
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