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MCcC2G: An Efficient Algorithm for Matrix
Completion With Social and Item Similarity Graphs

Qiaosheng Zhang
and Vincent Y. F. Tan

Abstract—In this paper, we design and analyze MC2G (Matrix
Completion with 2 Graphs), an efficient algorithm that performs
matrix completion in the presence of social and item similarity
graphs. MC2G runs in quasilinear time and is parameter free.
It is based on spectral clustering and local refinement steps. For
the matrix completion problem which possesses additional block
structures in its rows and columns, we derive the expected number
of sampled entries required for MC2G to succeed, and further
show that it matches an information-theoretic lower bound up
to a constant factor for a wide range of parameters. We perform
extensive experiments on both synthetic datasets and a semi-real
dataset inspired by real graphs. The experimental results show
that MC2G outperforms other state-of-the-art matrix completion
algorithms.

Index Terms—Matrix completion, community detection,
stochastic block model, graph side information.

1. INTRODUCTION

and Twitter, it is increasingly convenient to collect
similarity information amongst users. It has been shown that
exploiting this similarity information in the form of a social
graph can significantly improve the quality of recommender
systems [1]-[8] compared to traditional recommendation algo-
rithms (e.g., collaborative filtering [9]) that rely merely on rating
information. This improvement is particularly pronounced in the
presence of the so-called cold-start problem in which we would
like to recommend items to a user who has not rated any items,

W ITH the ubiquity of social networks such as Facebook
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but we do possess his/her similarity information with other users.
Similarly, an item similarity graph is sometimes also available
for exploitation—it can be constructed either from the features of
items [10], or from users’ behavior history (as has been done by
Taobao [11]). Again, this can help in solving the dual cold-start
problem, namely the learner has no information about new items
that have not been rated by any user.

While there have been numerous studies considering how
to exploit graph side information to enhance recommender
systems, most of the algorithms developed so far exploit only
one graph (either the social or the item similarity graph). As
mentioned above, both graphs are often available in many real-
life applications, and it has been shown in a prior theoretical
study [12] that there are scenarios in which exploiting two
graphs yields strictly more benefits than exploiting only one
graph. This work builds upon [12] which focuses on fundamental
limits, but does not propose computationally efficient algorithms
that achieve the limits. Our main contribution is to design and
analyze a computationally efficient algorithm—which we name
Mc2G—for a matrix completion problem, wherein both the
social and item similarity graphs are available. Our algorithm
MCcC2G is motivated by the observation that users and items in real
recommender systems often share similarities and are clustered.
The key idea behind MC2G is to first find the clusters of users and
items as accurately as possible, and then predict each missing en-
try based on other available entries that belong to the same clus-
ters of users and items. Thus, MC2G can be applied to modern
recommender systems that contain side information in the form
of social and item similarity graphs. On the matrix completion
problem described below, we provide theoretical guarantees on
the expected number of sampled entries for MC2G to succeed,
and further show that it meets an information-theoretic lower
bound up to a constant factor.

We consider a matrix completion problem in which there are
n users and m items. Users are partitioned into ky > 2 clusters,
while items are partitioned into ko > 2 clusters. Users’ ratings
to items are chosen from an arbitrarily pre-assigned finite set
(e.g., {1,2,3,4,5} for Netflix prize challenge [13]). The n x m
rating matrix is generated according to a generative model which
we describe in Section II. The learner observes three pieces of
information: (i) a sub-sampled rating matrix with each entry
being sampled independently with probability p; (ii) a social
graph generated according to a celebrated generative model for
random graphs—the stochastic block model (SBM) [14]; and
(iii) an item similarity graph generated according to another
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SBM. The task is to exactly recover the clusters of both users
and items, as well as to complete a matrix that represents
the nominal ratings from certain user clusters to certain item
clusters (called nominal matrix). Essentially, our problem is
about exactly recovering a matrix with hidden block structures
in the presence of noise and graph side information. Our model
significantly generalizes the models considered in related works
with theoretical guarantees [1], [2], [12], by relaxing some
constraints therein, e.g., (i) users/items are only partitioned into
two equal-sized clusters, and (ii) only binary ratings are allowed.

A. Main Contributions

Our main contributions are summarized as follows.

1) We develop a computationally efficient algorithm MC2G,
which is a multi-stage algorithm that follows the “from
global to local” principle. It first adopts a spectral clus-
tering method on graphs to obtain initial estimates of
user/item clusters, and then refines each user/item indi-
vidually based on local maximum likelihood estimation
(MLE). MC2G is also a parameter-free algorithm that
does not need the knowledge of the model parameters.
Under the symmetric setting described in Section IV-A,
we show that MC2G exactly recover the user/item clusters
as well as the nominal matrix with high probability as long
as the number of samples exceeds a bound presented in
Theorem 1.

2) We also provide an information-theoretic lower bound that
matches the bound in Theorem 1 up to a constant factor;
this demonstrates the order-wise optimality of MC2G. As
a by-product, the aforementioned theoretical results also
generalize the theory developed in the prior work [12],
which was focused on a simpler setting in which both
users and items are partitioned into two clusters.

3) We conduct extensive experiments on synthetic datasets
to verify that the results show keen agreement with the
derived theoretical guarantee of MC2G in Theorem 1. We
further demonstrate the superior performance of MC2G by
comparing it with several state-of-the-art matrix comple-
tion algorithms, such as OPTSPACE [15], SoRec [3], and
a spectral clustering method with local refinements using
only the social graph or only the item graph [1].

4) Finally, we assess MC2G on a semi-real dataset consisting
of real graphs but synthetic ratings. We adopt the LastFM
social network [16] and political blogs network [17] as
the social and item similarity graphs, respectively. Our
experimental results show that MC2G works well under the
real graphs; this further confirms that MC2G is universal, as
the real graphs do not satisfy the symmetry assumptions.
Finally, we show that MC2G outperforms the other afore-
mentioned matrix completion algorithms on this semi-real
dataset.

B. Related Works

Due to the wide applicability of matrix completion (such as
recommender systems), the past decade has witnessed the devel-
opments of many efficient matrix completion algorithms, such
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as [18]—-[23]. In the context of recommender systems, the design
of algorithms that exploit graph side information (especially
the social graph) has attracted much attention. For example, re-
searchers have proposed a variety of matrix factorization-based
algorithms that incorporate graph side information [3]-[8], [24],
[25], where the graph is used to design additional regularization
terms or modify the existing matrix model. Another popular
approach is via the neighborhood-based algorithms [26], [27],
where users’ ratings are predicted based on the ratings of their
neighbors, and the neighborhood is defined using social graphs.
Recently, some deep learning-based algorithms [28]-[30] (rely-
ing on convolutional neural networks) have also been proposed
for recommender systems with graph side information. Among
the aforementioned works, [6]-[8], [28], [30] also considered
simultaneously exploiting both the social and item similar-
ity graphs in their algorithms. For example, [7] proposed an
algorithm, called kernelized probabilistic matrix factorization
(KPMF), that effectively incorporates the two graphs into the
matrix factorization process. Rao et al. [8] incorporated the
two graphs as regularization terms in the matrix completion
problem, and developed a scalable algorithm based on efficient
Hessian-vector multiplication schemes. Although these algo-
rithms usually yield better empirical performance, most of them
do not provide any theoretical guarantee. Notably, [8] performed
a theoretical analysis when the observed entries are perturbed
by noise, and provided an upper bound on the estimation error
between the true matrix and recovered matrix. However, it
remains unexplored in [8] that (theoretically) by how much one
can improve the performance with the aid of graphs, while this
work quantifies the gains of exploiting social and item similarity
graphs. In Section IV-D, we provide a more detailed comparison
about the theoretical results of this work, ref. [8], and other
related works on matrix completion.

‘We note that another line of works focused on the fundamental
limits of matrix completion in which the matrix is generated
according to a certain generative model for the clusterings of
the users and/or items. Ahn ef al. [1] considered a setting where
ratings are binary and a graph encodes the structure of two
clusters, and characterized the expected number of sampled
entries required for matrix completion. Follow-up works [2],
[31] relaxed the assumptions in [1], but are still restricted to
exploiting the use of a single graph. The recent work [12]
investigated a more general setting in which both the social and
item similarity graphs are available, and quantified the gains
of the two graphs via information-theoretic lower and upper
bounds. However, a computationally efficient algorithm that
achieves the limit promised by MLE was not developed in [12].
Given that the MLE is not computationally feasible, there is
a pressing need to develop efficient algorithms. This precisely
sets the goal of this work. Additionally, this work studies a
generalized setting that spans multiple user/item clusters and
discrete-valued rating matrices. This is in contrast to [12] which
focuses on two clusters and binary ratings. Finally, it is worth
mentioning that our algorithm MC2G is universally applicable
to all matrix completion problems with two-sided graph side
information, i.e., it is not restricted to the setting in [12] or the
setting in this work.
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TABLE I
NOMINAL RATINGS FROM USERS TO ITEMS

Cluster Z1 Cluster Zo  ...... Cluster Zy,,
Cluster Uy 211 212 Z1kg
Cluster Uy, Zkq1 Zkq 2 Zkq ko

Another field relevant to this work is community detection,
which is the problem of partitioning nodes of an undirected
graph into different clusters/communities. When the graphs are
generated according to SBMs, the information-theoretic limits
for exact recovery of clusters [32]-[37] have been established.
These limits also play a role in establishing the theoretical guar-
antee of MC2G (see the third item in Remark 5), as our algorithm
includes the clustering step for users and items in the process
of matrix completion. It has also been shown that side infor-
mation is in general helpful for community detection [38]—[41].
Besides, our problem is also related to the labelled/weighted
SBM problem, if the two SBMs that govern the social and item
similarity graphs are merged to a single unified SBM (interested
readers are referred to [12, Remark 4] for details).

C. Outline

This paper is organized as follows. We first introduce the
problem setup in Section II, and then describe our efficient
algorithm MC2G in Section III. Section IV presents our main
theoretical results: (i) the theoretical guarantee for MC2G and
(i1) the information-theoretical lower bound. These results are
proved in Sections V and VI, respectively. Experimental results
are presented in Section VII.

II. PROBLEM STATEMENT

We consider a recommender system with n users and m
items. Ratings from users to items are chosen from an ar-
bitrary finite alphabet Z (e.g., Z2 ={1,2,3,4,5}). It is as-
sumed that users are partitioned into k; > 2 disjoint clusters
{Uy,Us, ... Uy, }, and items are partitioned into ko > 2 disjoint
clusters {Z1,Z,,...,Zy, }. We define! o : [n] — [k1] as the
label function for users such that o (i) = a if user i belongs to
cluster U,,. On the contrary, each clutser I/, can be represented
as U, = {i € [n] : 0(i) = a}. Thus, o can be viewed as an
alternative (and more concise) representation of the clusterings
of users {Uy }qe(k,]- Similarly, we define 7 : [m] — [ko] as the
label function for items such that 7(j) = b if item j belongs to
cluster Zp.

As users in the same cluster are more likely to share similar
preference (which is called homophily [42] in the social sci-
ences), we introduce the notion of nominal ratings to represent
the levels of interest from certain user clusters to certain item
clusters. Specifically, for all the users in cluster U, their nominal
ratings to all the items in cluster Z, (where a € [k1], b € [k2])
are given by 2., € Z (as shown in Table I). That is, the nominal

"For any integer s > 1, let [s] represent the set of integers {1, ..., s}.
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(a) Nominal matrix N (b) Personalized rating matrix

Fig. 1. Anexample with 6 users (partitioned into 3 clusters) and 6 items (parti-
tioned into 2 clusters). The nominal ratings are chosen from Z € {1, 2, 3,4,5},
and are set to be z11 = 5,212 = 17 221 = 1,299 = 4, 231 = 3, z32 = 2.

ratings given by users in the same clusters are the same, and the
nominal ratings received by items in the same cluster are also
identical. Thus, given o (the labels of n users), 7 (the labels of
m items), and {z,;} (the nominal ratings), the corresponding
nominal matrix N € Z™™ is an n X m matrix that contains the
nominal ratings from n users to m items, and each entry N;;
(the nominal rating from user ¢ to item j) equals 2,(;)-(j)- An
example of the nominal matrix is illustrated in Fig. 1(a).

We assume the personalized rating Vi; € Z of user i to
item j is a stochastic function of the nominal rating N;;. More
precisely, we define Qv |z € P(Z2 x 2) as the personalization
distribution that reflects the diversity of users in the same cluster.
For each user ¢, his/her personalized rating V;; € Z to item j is
distributed according to Qv|z—n,, € P(Z). A natural assump-
tion we adopt is that Qv|z—.(2) > Qv z=(z') for all 2’ # z;
that is, if the nominal rating is z € Z, then the personalized
rating is most likely to be z. For a specific user cluster U, and an
item cluster 7y, all the personalized ratings {V;; }icu, , je, follow
the same distribution Qy|z—.,,. For simplicity, we abbreviate
QVv|z=z,, 8 Qap- An example of the personalized rating matrix
is illustrated in Fig. 1(b).

A. Observations

The learner observes three pieces of information:

1) A sub-sampled rating matrix U, with eachentry U;; = V;
with probability (w.p.) p and U;; = e (erasure symbol)
w.p. 1 — p. We refer to p as the sample probability and
mnp as the expected number of sampled entries.

2) A social graph G; = (V1,&1), where V; is the set of n
user nodes. Let B be a k1 x k1 symmetric connectivity
matrix that represents the probabilities of connecting two
nodes in G1. Each pair of nodes (i,4') is connected (i.e.,
(i,i") € &) independently w.p. B, (i)o(ir)-

3) Anitem graph Go = (Va, &), where Vs is the set of m
item nodes. Let B’ be a ky x ko symmetric connectivity
matrix that represents the probabilities of connecting two
nodes in G5. Each pair of nodes (7, ;') is connected (i.e.,
(4,J") € &) independently w.p. B! ;.

Note that the leaner can only observe the nodes and edges of
the graphs GG; and G5, without knowing which node belongs to
which cluster.
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Fig. 2. The partition of a complete graph H; with n = 6 nodes into two
sub-graphs H§ and H })

B. Objective

The learner is tasked to design an estimator ¢ = ¢(U, G1, G2)
to exactly recover both the user clusters {U, },c[z,) and item
clusters {Zp }pe[i,) (or equivalently, the label functions o and
7), as well as to reconstruct the nominAal matrix N. The output
of the estimator ¢ is denoted by (7,7, N).

To measure the accuracies of the estimated label functions &
and 7, we define the misclassification proportions as

h(,0) = min — S LE0) Aale()} ()
! i€[n]

L(,) = min — ST ARG) £7G)h @
2 je[m]

where Sy, (resp. Sk,) is the set of all permutations of [k1] (resp.
[k2]). The permutations are introduced because it is only possible
to recover the partitions of users/items, rather than the actual
labels (i.e., the best we can hope for is to ensure [1(7,0) =0
and l5(7,7) = 0).

Furthermore, we also define the concept of weak recovery
which plays a role in the intermediate steps of our algorithm.

Definition 1: An estimate & (resp. 7) is said to achieve weak
recovery if the misclassification proportion /1 (c,0) — 0 as n
tends to infinity (resp. [3(7, 7) — 0 as m tends to infinity).

III. MC2G: A COMPUTATIONALLY EFFICIENT, STATISTICALLY
OPTIMAL ALGORITHM

In this section, we present a computationally efficient multi-
stage algorithm called MC2G for recovering the clusters of users
and items, and the nominal matrix N. Knowledge of the model
parameters (e.g., connectivity matrices B and B’ and personal-
ization distribution QQy/|z) is not needed for MC2G to succeed,
as they will be estimated on-the-fly. Roughly speaking, MC2G
consists of four stages: Stage 1 achieves weak recovery of the
user/item clusters; Stage 2 estimates the model parameters B, B/,
and Qv |z; and Stages 3 and 4 respectively refine these estimates
of users and items via local refinements steps. The inputs include
the sub-sampled rating matrix U and two graphs G and Gs.

Before describing our algorithm in Subsection I1I-B, we first
point out that we use an information splitting method (inspired
by [32], [34], [43]) to circumvent the diffculty of analyzing the
error probability of our multi-stage algorithm. As a concrete
example, Fig. 2 illustrates how we split the information of the
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social graph into two pieces, where the first piece is for Stage 1
and the second piece is for subsequent stages.

A. Information Splitting

The high-level idea is to split the observations (U, G, G2)
into two parts—the first part, denoted as (G%,G%), is used
for weak recovery of users and items in Stage 1; while the
second part, denoted as (U, G?, GY), is used for estimating the
parameters and for local refinements (exact recovery) of each
user and item in Stages 2—4. We elaborate on the information
splitting method as follows.

1) Let H; = (V1, &) be the complete graph with vertex set
V) = [n] and edge set & which contains all the ( “}21') edges
on V;. We randomly partition H; into two sub-graphs
Hy = (V1,E) and HP = (V1,EP) such that H} is an
Erdds-Rényi (ER) graph on V; with edge probability
1/+/Togn. Thatis,eache € & is sampled (independently)
to £ with probability 1//logn, and to £P with proba-
bility 1 — 1//log n, where £P is the complement of £%.
An example is illustrated in Fig. 2. This partition is done
independently of the generation of the SBM (. For any
realizations H3 = h% and HP = hb, let

{:=hiNG; and G'f = h]f NGi. 3)

be two sub-SBMs on sub-graphs A and h?, respectively.?

2) Similarly, let Hy = (Vs, &) be the complete graph with
vertex set Vo = [m] and edge set &, H3 is an ER graph
on V, with edge probability 1/y/logm, and £} is the
complement of €. For any Hi = h3 and HY = h5, we
also define

8:=h3NGy and GY := h5 N Gy. “4)

‘We refer the readers to Remark 7 for a discussion of the benefit
of using this information splitting method.

B. Algorithm Description

Stage 1 (Weak recovery of clusters): We run a spectral clus-
tering method® (e.g., Agorithm 2 in [48]) on the social graph
G? to obtain an initial estimate of the label function o (denoted
by ¢(?)), and also run a spectral clustering method on the item
graph G to obtain an initial estimate of the label function 7
(denoted by 7(9)). The estimated user clusters corresponding to
o9 are denoted by {L{,go)},,,e[kﬂ Ge. U = (0(©)~1(a)), and
the estimated item clusters corresponding to 7(°) are denoted by
{Iéo)}be[kz]- These initial estimates o(°) and 7(9) are expected
to serve as good approximations of the true clusters, such that

2With a slight abuse of notations, we use hi NGy (resp. hlf NGh) to
represent a graph with edge set being the intersection between the edge sets
of h (resp., htl’) and G'1. More specifically, for the sub-SBM G (resp. GE),
any pairs of nodes (i,4’) are connected with probability Boio, if (i,7) € EF
(resp. (i,4") € £P), and with probability zero otherwise.

3To achieve weak recovery of the clusterings of users and items, one can also
apply different variants of spectral clustering methods [34], [43], [44], semidef-
inite programming-based methods [45], belief propagation-based methods [46],
or non-backtracking matrix-based methods [47].

Authorized licensed use limited to: Korea Advanced Inst of Science & Tech - KAIST. Downloaded on November 24,2022 at 22:16:07 UTC from IEEE Xplore. Restrictions apply.



ZHANG et al.: Mc2g: AN EFFICIENT ALGORITHM FOR MATRIX COMPLETION WITH SOCIAL AND ITEM SIMILARITY GRAPHS

Algorithm 1: MC2G.
Input : (U,G4,Gy) = (G%,G3) U (U,GY,GS)
Output: Clusters {Uy }aefr,) and {Zy}ye[r,) (or label
functions ¢ and 7), nominal matrix N

Stage 1 (Weak recovery of communities)
Apply the spectral clustering method on G and G to
obtain initial estimates {L[éo)}ae[kl] and {Iéo)}be[kz];

Stage 2 (Parameters estimation)
Estimate connectivity matrices B and BA’ as per (5)-(6);
Estimate personalization distribution {Q} as per (7);

Stage 3 (Local refinements of users)

for user i =1 to n do

Calculate likelihood functions {Lq (%) }ack,]:

Let a; = argmax,c(;,) La(7), and declare i € Uy ;

end

Stage 4 (Local refinements of items)

for item 7 =1 to m do

Calculate likelihood functions {Lj(5)}ve(k,):

Let b} = argmaxye,) Ly,(j), and declare j € Zy:;

end
Reconstruct the nominal matrix N as Per (10).

both ¢(?) and 7(9) satisfy the weak recovery criteria defined in
Definition 1.

Stage 2 (Parameters estimation): For any two sets of nodes
V and V', the number of edges connecting V and V' (in G?
or GY) is denoted as e(V,)”), and the total possible number
of edges connecting V and V' is denoted as Y(V,V'), which
equals either |V| - |V'| (f V # V') or (Y)) (if V = V). Based
on the initial estimates {L{éo)}ae[kl] and {Iéo)}be[kz], we then
estimate the connectivity matrices B and B’ as follows:

Bow = e Uy /1M, (5)

B,y = (2, 7 /v (9, (V). (6)

Moreover, we define QF, :={(i,j) : U;; = z,1 € Z/lc(bo),j €
IISO)} for a € [k1], b € [ko], and z € Z. Then, the estimated
personalization distribution is given by

Qab b|/Z|Q

zeZ

Va € Uﬁ], be [kg} (7)

Stage 3 (Local refinements of users): This stage refines the
classification of each user locally, based on the ratings in U,
the social graph G?, and the initial estimates {Uéo)}ae[kl] and
{Iéo)}be[kQ]. For each user ¢ € [n], we essentially adopt a local
MLE to determine which cluster it belongs to. We define the
likelihood function that reflects how likely user i belongs to
cluster U, as:

La)) = 3 el{ihu?) - 10g (Buw/(1 — Buw)
a'elkq]
+ Z Z 1{U;; #e} -log Qun(Uyj).  (8)
be (k2] jEIIEO)

2685

Leta; := arg max, ;) Lq(7) be the index of the most likely user

cluster for user . MC2G then declares ¢ € ﬁaz; or equivalently,
o(i) = al.

Stage 4 (Local refinements of items): This stage refines the
classification of each item locally, based on U, GB, and the initial
estimates {uCEO)}ae[kl j and {Iéo)}be[kz}. For each item j € [m],
we define the likelihood function that reflects how likely item j
belongs to cluster Z; as:

(i)=Y e({ihZy) - log (Byy /(1 - By))

b'elks
+ 3 Y 1{U;;#e} logQuu(Usy). (9
G.G[kl] ieuéo)

Letb := arg max,c 1 Ly, (j) be the index ofAthe most likely item
cluster for item 7. MC2G then declares j € Ibg; or equivalently,
70) = by

Finally, one can recover the nominal matrix N by setting

~

N;; = arg max_ @ab(z), fori € Z/Ala,j € fb. (10)

Remark 1: It is worth pointing out that our algorithm Mc2G
can be viewed as an efficient method to find an approximated
solution of the maximum likelihood (ML) estimator. To be spe-
cific, the log-likelihood function of the observations (U, G, G2)
conditioned on the parameters ({U,},{Zy},B,B, {Qau}) is
given by

log P(U, G, G2) = log P(U)+log P(G1) +1og P(G2),

(11)

k1 k1

where log P(G1) = Z Z EU,,Uy)logBaa

a=1la'=a

+[ Y (U, U ) — E(Ug, Uy )] log(1—Bgar),
(12)

ko ko

logP(G2) = Z Z E(Zy,Ty) log By,

b=1b'=

+ [Y(Zv, Zy ) — E(Zy, Ziy)| log (1 - By ),
(13)

k1 ko

logP(U) = S5 3" 3 14Uy, = e} log(1 - p)

a=1b=11€U, jEI;
+1{U;; # e} log (pQas(U;;)) -

Here, E(U,,U, ) and E(Zy, Iy ) respectively denote the number
of edges connecting the two clusters in graphs G; and Ga,
which are close to e(U,, Uy ) and e(Z;, Ziy ) since the sub-graphs
G" and G5 are almost as dense as the original graphs G| and
G5. Based on the log-likelihood functions in (11)—(14), one
can check that each of the Stages 2—4 approximately optimizes
log P (U, Gy, G2) over a specific subset of parameters while
keeping other parameters fixed. This can be viewed as an in-
tuitive interpretation of Stages 2—4.

(14)
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Remark 2: To improve the performance of MC2G in prac-
tical scenarios, one can perform parameters estimation (Stage
2) and local refinements (Stages 3—4) iteratively for multiple
rounds. After one round of local refinements, the parameters
will be estimated more accurately, which will in turn benefit the
next round of local refinements. Accordingly, the computational
complexity will increase.

From a theoretical perspective, when applying MC2G to the
symmetric setting described in Section 1V, it suffices to perform
parameters estimation and local refinements only once. This is
because (i) Lemmas 2, 3, and 5 together show that the estimates
of the connectivity matrices and the personalization distributions
are accurate enough such that in the following local refinement
stages, the estimation errors are negligible; and (ii) Lemmas 4
and 6 show that one round of local refinements is sufficient for
the exact recovery of the clusters of users and items with high
probability.

Remark 3: The information splitting method is merely for the
purpose of analysis, while it may not be practical when n and
m are not sufficiently large, in which case the first part of the
graphs (G%, G3) may be too sparse to achieve weak recovery
of the true clusters in Stage 1. Thus, in practice, one can skip
the information splitting step in Section III-A and simply apply
every stage on the fully-observed graphs (G, G2) for weak
recovery, parameter estimations, and local refinements—this is
referred to as the simplified version of MC2G. In our experiments
(Section VII), we use this simplified version of MC2G and show
that it also works well empirically.

C. Computational Complexity

Using the iterative power method [49], the spectral clustering
method in Stage 1 runs in times at most O(|&;|logn) and
O(]&2]log m) respectively. In each of the following steps, MC2G
requires (at most) a single pass of all the sub-sampled entries in
the rating matrix U and the edge sets £&; and &, which amounts
to at most O(max{|&1|, |Ea|, mnp}) time, where p is the sam-
ple probability. Thus, the overall computational complexity is
O(max{|&1] logn, |E2] log m, mnp}). Finally, we would like to
point out that for most scenarios of interest (including the follow-
ing theoretical setting and experimental setting), the numbers of
edges in the social and item graphs satisfy |£1| = O(nlogn)
and |&| = O(mlogm) with high probability, and the sample
complexity mnp = O(max{nlogn, mlogm}). Therefore, the
overall complexity is quasilinear in n and m with high proba-
bility.

IV. THEORETICAL GUARANTEES OF MC2G AND
INFORMATION-THEORETIC LOWER BOUNDS

This section provides theoretical guarantees for MC2G. Under
the symmetric setting defined in Subsection IV-A, we character-
ize the expected number of sampled entries required for MC2G
to succeed; the key message there is that this quantity depends
critically on (i) the “qualities” of the social and item similarity
graphs, and (ii) the squared Hellinger distance between the rat-
ing statistics of different user/item clusters. We further establish
an information-theoretic lower bound on the expected number of
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sampled entries. This bound matches the achievability bound up
to a constant factor, thus demonstrates the order-wise optimality
of Mc2aG.

A. The Symmetric Setting

Under the symmetric setting, it is assumed that (i) the user
clusters are of equal size (i.e., |Uy| = n/k; forall a € [k4]) and
the item clusters are of equal size (i.e., |Zp| = m/ky forall b €
[k2]),* and (ii) the connection probability for each pair of nodes
depends only on whether they belong to the same cluster, i.e.,
the connectivity matrices B and B’ satisfy

B, — {oq, %fa =ad; and Bl — {ag, %fb =0

B1, ifa#dad; Ba, ifO#V.

Following many prior works on the SBM [32], [34], [38], [39],
we consider the logarithm average degree regime in which ay
and f3; scale as ©((log n)/n) such that each node has expected
degree ©(logn). This regime is of particular interest because
(1) it is known that the threshold for exact recovery of clusters
falls into this regime [32], [34]; and (ii) as we shall see in
Theorems 1 and 2, the gain of G can be precisely characterized
in this regime. Similarly, we also assume that cy and (35 scale
as ©((log m)/m). Moreover, following the prior work [12], we
assume m = w(logn) and n = w(logm) such that m — oo as
n — 00.

We note that MC2G is not restricted to the symmetric setting;
it can be applied more generally to asymmetric scenarios. In-
deed, for the experiments in Section VII, we do not make the
symmetric assumption. In this section, however, we make this
assumption to simplify the presentation of Theorem 1 and to
clearly understand the effect of the parameters of the model on
the minimum expected number of sampled entries required for
MC2G to succeed.

In the following, we formally define the notion of exact
recovery. Note that the model is governed by the pair of label
functions (o, 7) together with the nominal matrix N, and we
define the parameter space that contains all valid (o, 7, N) under
the symmetric setting as

Eé{(@ 7,N) IO': [n] — [kjl],

7:[m] — [ka], |{j € [m] : 7; = b}|:%, Vb € [ks);

n

ki’

{i€[n]: oi=a}|=-—,Va€ [ki];

N e 2™™ N;; =Ny, if o (i) =o(i') and 7(j) :T(j’)}.

Let (o, 7,N) be the ground truth, and (7,7, N) be the output
of the estimator ¢ = ¢(U, G1,G2). We say the event &, ;N
occurs if the output (7, 7, N) of the estimator ¢ satisfies one of
the following three criterions: (i) {11 (7, o) # 0}, (i) {l2(T, 7) #
0}, and (iii) {N # N}.

4We implicitly assume that n is divisible by k1 and m is divisible by ks. In
the case that n and m are not multiples of k; and ko respectively, rounding
operations required to define the set =. Such rounding operations, however, do
not affect the calculations and results downstream.
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Definition 2 (Exact recovery): For any estimator ¢, its corre-
sponding (maximum) error probability is defined as
Per(¢) := oA PlorNy (6(U,G1,G2) € Erny)
where P, - ny(+) is the probability when (U, G'1, G2) is gener-
ated according to the model governed by (o, 7, N). A sequence
of estimators ® = {¢,, }°°_; achieves exact recovery if

h_{n Perr<¢n) =0. (15)

Definition 3 (Sample complexity): The sample complexity is
defined as the minimum expected number of samples in the
matrix U such that there exists ® for which (15) holds.

B. Theoretical Guarantees of MC2G

As we shall see, the “qualities” of the social and item graphs
play a key role in the performance of MC2G. Specifically, we
define a measure of the quality of the social graph G, as
I := n(y/ar — /B1)?/(logn). A larger value of I; implies a
better quality of the graph, since the structures of the clusters
are more clearly delineated when the difference between the
intra-cluster probability «; and the inter-cluster probability (5,
is larger. Analogously, we define a measure of the quality of the
item graph G5 as I := m(,/az — v/B2)?/(logm).

The performance of MC2G also depends on the statistics of the
rating matrix. Intuitively, if the rating statistics of two clusters
are further apart, it is then easier to distinguish them. It turns out
that under the symmetric setting, the distance between the rating
statistics of different clusters can be measured by the squared
Hellinger distance: H*(P,Q) :==1—5__.+/P , for
probability distributions P and Q. We then define d(Ua, L{ )
Zbe[kz] H?(Qup, Qup) as a measure of the discrepancy be-
tween user clusters U, and U, (where a,d’ € [k1]), and dy :=
ming+q d(Ua, Uy) as the minimal discrepancy over all pairs
of user clusters. A larger value of dj; means that it is eas-
ier to distinguish all the user clusters. Analogously, we de-
fine the discrepancy between item clusters Z; and Z; (where
b, e [kg]) as d(IZNIbf) = Zae[kl] Hz(Qab; Qab’)’ and d7 :=
mingy d(Zy, Zyy) as the minimal discrepancy over all pairs of
item clusters.

Remark 4: The squared Hellinger distance H?(P, Q) satis-
fies H*(P,Q) € [0,1] and H*(P, Q) = 0 ifand only if P = Q.

Theorem 1 states the expected number of sampled entries
needed for MC2G to succeed under the symmetric setting.

Theorem 1 (Performance of MC2G): For any € > 0, if the
expected number of sampled entries mnp satisfies

{ULH) }mbgm}’

] nlogn [(1+6)

mnp> ma:
p= X du/kg )

dz/k1
(16)

then MC2G ensures P,,, — 0 asn — oc.
Remark 5: Some remarks on Theorem 1 are in order.
1) Roughly speaking, the first term on the RHS of (16) is
the threshold for Stage 3 (local refinements of users) to
succeed. This is because when mnp exceeds the first term,
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the probability that a single user is misclassified to an
incorrect cluster (in Stage 3) is at most n~ for some £ > 1.
Thus, taking a union bound over all the n users still results
in a vanishing error probability. Similarly, the second term
on the RHS of (16) is the threshold for Stage 4 to succeed.

2) Ourresultin (16) confirms our intuitive belief that increas-
ing dy; and dz (the minimum discrepancies between user
and item clusters) indeed helps to reduce the number of
samples required for exact recovery. Similarly, increasing
1, and I, (the qualities of the social and item graphs) also
helps to reduce the sample complexity.

3) It is also worth noting that when I; > kj, the first term
in (16) becomes non-positive (thus inactive); this means
that performing local refinements of users in Stage 3 is
no longer needed, which is due to the fact that Stage 1
has already ensured exact recovery of k; user clusters.
This observation coincides with the theoretical result of
community detection in the symmetric SBM [34], which
states that exact recovery of k; clusters is possible when
Iy > ky. Similarly, when Iy > ks, local refinements of
items in Stage 4 is no longer needed, as Stage 1 has ensured
exact recovery of ks, item clusters.

4) While the theoretical result in Theorem 1 is dedicated
to this symmetric setting, MC2G is applicable to a more
general matrix completion problem with social and item
similarity graphs, where the sizes of user/item clusters
may be different. This is confirmed by the experiments in
Section VII.

C. Information-Theoretic Lower Bound

Theorem 2 below provides an information-theoretic lower
bound on the sample complexity under the symmetric setting.
Again, the lower bound is a function of I, I (the quality of
the social/item graph), and d;; and dz (the minimum discrep-
ancies measured in terms of the squared Hellinger distances of
user/item clusters).

Theorem 2 (Impossibility result): For any € > 0, if

{17 il}nlogn [17 ,?}mlogm a7
mnp <max , s
P du k2 dz/ky

then lim,, oo Pyrr(¢p) = 1 for any estimator ¢.

Theorem 2 states that any estimator must necessarily fail if the
expected number of samples is smaller than the maximal term
in (17). Thus, the sample complexity defined in Definition 3
is upper-bounded by the RHS of (16), and lower-bounded by
the RHS of (17). In particular, Theorem 2 guarantees that P,
approaches one as n — o0; this is the so-called strong converse
in the information theory parlance. Comparing (17) with the
achievability bound in (16), we note that they match up to a
constant factor, and this further demonstrates the order-wise
optimality of the proposed computationally efficient algorithm
Mc2a.
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D. Comparisons With Other Results on Matrix Completion

The model considered in this work can be viewed as a special
noisy matrix completion [50]-[52] problem, where the nominal
matrix N is not only of low rank, but also has a block structure
imposed by the clusters of rows and columns. Here, the nominal
matrix N is analogous to the low-rank matrix to be recovered,
the personalization distributions { Q4 } is analogous to the noise,
and the observed rating matrix U is analogous to the observed
perturbed matrix.

The method of weighted nuclear norm and (1 norm min-
imization [50] can be directly applied to recover the nomi-
nal matrix N; in order to exactly recover N with high prob-
ability, the number of sampled entries should be at least
Q(max{nlog®n,mlog®m}) [50, Theorem 1]. In contrast,
MC26 only needs to sample O (max{n logn, mlogm}) entries
(Theorem 1), which is better than their method by a factor of
log® n or log® m. Moreover, Theorem 1 also shows that the
constant in O(max{nlogn, mlogm}) can further be reduced
by exploiting the available graphs.

We note that other works [15], [51]-[53] also studied matrix
completion in the presence of noise, and provided algorithms
that are applicable to our problem. However, their theoretical
results focus on bounding the estimation error between the true
matrix N and recovered matrix N, thus they are not directly
comparable to our result.

In the absence of noise, theoretical guarantees of exact re-
covery for various matrix completion algorithms have been well
understood. Assume the rank of the matrix is O(1). For nuclear
norm minimization-based methods [19], [54], [55], it has been
shown that O(max{nlog?n, mlog® m}) sampled entries are
sufficient for exact recovery. For gradient descent-based meth-
ods such as OPTSPACE, O(max{nlogn, mlogm}) sampled
entries suffice [15].

Unlike the aforementioned algorithms, there are also algo-
rithms exploiting both matrix entries and graph side information.
For example, Ahn et al. [1] developed a two-stage algorithm that
incorporates a social graph, and provided theoretical guarantees
for a simple setting with binary matrices and two user clusters.
For a fair comparison, we consider the following setting: k; =
ke = 2 (two user/item clusters), nominal ratings z1; = 292 = 1,
212 = 221 = 0, Z = {0, 1}, and the personalization distribution
Qvz(v|z) equals 1 — 6 if v = 2, and 0 otherwise. To exactly
recover the matrix, their algorithm requires g(6) - max{(1 —
%)nlog n,2mlogm} sampled entries [1, Theorem 2], while
MC2G requires g(6) - max{(1 — L)nlogn, (1 — Z)mlogm}
sampled entries, where g(0) = (1 — 21/0(1 — 6)) 1. When m
is relatively large, we note that MC2G reduces at least by
g(0)- (1+ %’)m logm compared to [1], and the advantage
becomes larger when the quality of the item graph (represented
by I) becomes better. As mentioned in Section I-B, the work
by Rao et al. [8] further considered exploiting both the social
and item graphs, and they presented a novel algorithm as well as
an accompanying theoretical guarantee on the estimation error
IN = N||¢. However, their problem formulation and the form
of results are not directly comparable to ours, since they do not
aim to exactly recover N. Nevertheless, we point out that our
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advantage is that we explicitly quantify the gains (by charac-
terizing the exact constant) due to exploiting social and item
similarity graphs, and we also demonstrate its order-optimality,
while in [8] the benefits of exploiting the social and item graphs
are not quantitatively characterized.

V. PROOF OF THEOREM 1
A. Analysis of Stage 1

Note that the sub-SBM G7 is generated on the sub-graph h;
thus the performance of the spectral clustering method on G¢
essentially depends on the realization hj. A similar argument
also applies to G3.

To circumvent the difficulties of analyzing fixed h% and hY,
we first consider two artificial SBMs él and 62, where él
is generated on the n user nodes and has connectivity matrix
B/v/logn, and G5 is generated on the m item nodes and has
connectivity matrix B'//log m. In Appendix A, we introduce a
result (Theorem 3) that provides theoretical guarantees of weak
recovery of clusters in the SBM, which is adapted from [43,
Theorem 6]. One can also check that the two artificial SBMs Gy
and G satisfy the conditions of applying Theorem 3, as shown
in Appendix VII-C. Thus, applying Theorem 3 yields that there
exist vanishing sequences €,,, 77,,, and ,, (depending on B and B)
such that with probability at least 1 — €,,, the spectral clustering
method running on G; and G2 respectively ensure that

(09, 0) <y and (7Y, 7) < v, (18)

Based on the good performances of spectral clustering methods
running on (G; and Gy, we next show that spectral clustering
methods running on G and G% also provide satisfactory initial-
ization results with high probability.

Definition 4: Let h = (h%, hY. h3, hY) be an aggregation of

realizations of the sub-graphs.

1) A sub-graph hf is said to be good if the probability that “a
spectral clustering method running on G (which depends
on h) ensures I1 (0, o) <n,” is at least 1 — \/e,. A
sub-graph h? is said to be good if the degree of any node
in A is at least n(1 — 2/1/logn).

2) A sub-graph hj is said to be good if the probability
that “a spectral clustering method running on G5 ensures
(1, 7) <, is at least 1 — \/&,. A sub-graph A5 is
said to be good if the degree of any node in A3 is at least
m(1 —2/y/logm).

3) Let G and B be two disjoint sets of h. We say h € G if all
the elements in h are good, and h € B otherwise.

Lemma  1: The randomly  generated  sub-graphs

Hi HP Hy HY are all good with probability at least
(1—2/E)% ie, Y peg P(h) > (1 —2/€,)°
Proof: See Appendix B. U
We define G’ as the set of label functions that are close to the
true label functions (o, 7), i.e.,

G ={(o)/7): li(o) ) <nn, () T) < Y0}y (19)

and B’ := {(0,/ o) : (6,/0) ¢ G'} as the complement of G'. By
definition, we know that when the randomly generated sub-
graphs h € G, running spectral clustering methods on G and
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3 yields (o), 7

>

(0©®,7)eg

0)) € G’ with high probability, i.e.,

P((c©@,7O)h) > (1 - /6,)%,  (20)

which is uniform in h € G (i.e., {€,, } does not depend on h).

Remark 6: Lemma 1 above conveys two important messages:
(i) Although the sub-graphs H{ and H& are much sparser com-
pared to H; and H» (or equivalently, the information contained
in H§ and H§ is much less), they still guarantee the success of
running spectral clustering methods (with high probability). (ii)
The densities of sub-graphs HP and HY are almost the same as
those of Hy and Hs, and this is critical in Stages 2—4 for proving
the theoretical guarantees of MC2G.

Remark 7: After the splitting, all the random variables (asso-
ciated with the original SBMs G, and G'2) are partitioned into
two disjoint sets—the first set of random variables is associated
with the sub-graphs h{ and hj, and is used in Stage 1, while
Stages 2—4 rely on the second set of random variables that
are associated with the sub-graph hY and hb. The two sets of
random variables are independent since each edge in the SBM
is generated independently. Note that the output from Stage 1
(i.e., the initial estimates of the user and item clusters) is only a
function of the first set of random variables. After obtaining the
initial estimates from Stage 1, we then implement the subsequent
stages on h? and h5. Since hY and hY only involve the second
set of random variables, the analysis of the subsequent stages
relies only on the second set of random variables, which are
completely independent of the first set of random variables (and
thus independent of the output from Stage 1).

In contrast, if there were no splitting process, the output
from Stage 1 would be a function of all the random variables
associated with the SBMs (i1 and G2, while the analysis of Stage
2—4 also relies on these random variables, whose distributions
could be changed conditioned on the realization of the output
from Stage 1.

B. Analysis of Stage 2

Note that the estimates é, é,’ {@ab} in (5)—(7) depend on both
hand (o9, 7(9)). In Stage 2, we show in Lemmas 2 and 3 below
that conditioned on h € G and (¢(©), 7(9) € G/, the estimates
are accurate with high probability.

Lemma 2: Suppose heG and (o0, 7)cg’
With probability 1 — o(1), there exists a sequence &, €
Q(max{vn, 7, 1/\/log n}) N o(1) such that for all a, a’ € [k]

and b, b € [k, and ‘ﬂ <
Proof: See Appendlx C. (|
Lemma  3: Suppose heG and (c@,70) g’
With  probability 1—o(1), there exists a sequence

el € Q(max{yn, nn, 1/vIogn}) No(l) such that for all
a € [k1],b € [ko],and z € Z, |(Qup(2)/Qupr(2)) — 1] < &l,.
Proof: See Appendix D. (]
Remark 8: In Lemmas 2 and 3 above, we implicitly as-
sume (without loss of generality) that the permutations min-
imizing 1 (c(®), o) and Io(7(?), 1) are both the identity per-
mutation, ie., 1,(c® o) = 2 icin] 1{o (i) # o(i)} /n and
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(1O, 1) = 32y V() # 7(j)}/m as per (1) and (2).
Without this assumption, one needs to introduce the permu-
tations 7] and 75 that respectively minimize ll(a(o),a) and
Io(7(©), 7)—this unnecessarily complicates the presentations of
Lemmas 2 and 3.

C. Analysis of Stage 3

Note that the likelihood function defined in (8) depends on the
estimated values B and {@ab} of the model parameters. For ease
of analysis, we first ignore the imprecisions of these estimates,
and define the exact likelihood function L, (i), which depends
on the exact values of B and {Q}, as

La(i) = > e{i}.UY) 1og (Baw /(1 — Baa'))
a’elkq]
+ Z Z 1{U;; #e} -log Qap(Us5). (21
be (k2] jeIl(,O)

We now consider a specific user ¢ € [n], which belongs to
cluster U, for some a € [k1]. Lemma 4 below shows that, with
probability 1 — 0(1/n), Lq (i) is larger than any other likelihood
functions Ly (i) by at least (¢/2) log n.

Lemma 4: Suppose h € G and (0(0), T(O)) cg.If

[(1+4¢€)— (I1/k1)]nlogn

mnp > , 22
P = du/Fa (22)

with probability at least 1 — kyn~(1+3),
Lo(i) > max Lg(i) + (¢/2) logn. (23)

aclki]\{a}

Proof: In the following, it suffices to focus on the boundary
case mnp = 1H)- (;1 //,]: inlogn gince the probability that (23)
holds would only be larger as the sample complexity mnp in-
creases. Consider a specific @ # a. Under the symmetric setting,
the entries in the connectivity matrix B are either oy or 31, and

we further define \; := 8751))%1

L, (i) and L (i) in (21), we have

. From the definitions of

log

L B. Baw
Lo (i) — La(i) Z e({i},u(gf)) 10g¥
B ( Baa’)
a’'elkq]
Qav(Uij)
+ Z Z 1{U;; #e} - log 0 (U
be[kZ]JGI(O) ij
where
10g ay(1- 51)_)\1’ ifa':a;
Bur(1-Baw) _ ) "B "
logB w(1-Baw) log Stz =~ ifd=a
: log S5y =0, ifa'#{a.a’}.
Thus, we have
Lai) ~ Lali) = Mae({i),U) — he( (.4
+Z Z ]'{Ulj?ée}l gabgulji
be[kg]jez—éﬂ) ab(Uij
(24)
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For a,a € [k1], let Suz := U, N Méo) be the set of users that

)

belong to cluster U, and are classified to Z/léo after Stage

1. By introducing random variables {Xj}}_, kS Bern(ay)
and {Y3}7_, e Bern(/31), one can rewrite e({i},b{éo)) -
e({ih,uy”) as

Zxk+ Z Y, — Z Yk—ZXk.

k€Saa ket \u, et O\Uy k€Saa

For b,b € [ko], let Ty =T QIE(O) be the set of items that

) after Stage 1. By

introducing random variables {T;; } Sy Bern(p) and {Z;’jb} Sy
Qap, One can rewrite the second part in (24) as

belong to cluster Z; and are classified to Ié

a Z
> | 30 Ttor G2ZE 3 S o )
belka] | F€To Qun(Z37) b#b 5€Th Qar(Z5)
—
:A;,lgb ::A(.I?”E
We then bound P (L, (i) — Lz (i) < (¢/2)log n) from above in

(25)—(28) shown at the bottom of this page, where (26) follows
from the Chernoff bound P(X > k) < mingsge % - E(e!X)
with ¢ = 1/2, and (27) is due to the independence of the random
variables. We now consider the exponent in (28). Since the initial
estimate (0(?), 4(9)) € G, by the definition of G’ we know that
the misclassification proportions satisfy ll(a(o), o) <mn, and
Io(7(9,7) < ~,,. As a result, we have
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[Seal < manfora#a, UL\ Ua| < nun, (30)

m m _

—=m < To| < =, [Tg| < yum for b # . (€29

k‘g k2

Next, we note that logE(ez"Y%) =log(1l — 1 +
b1 8:511))%1) and log E(e"2M1%k) = log(1 — oy +
a 8:;11)) g +), which implies that

IOgE(e%MY’“)—l—logE(e_%hX’v)
= log (\/Oé151 + /(1 —a1)(1 — 51))2

210g< a1ﬁ1+[1O;1+0(a%)][151+0(51)]> (34)

= 2log (1 - Bcu + %51 — V1B + O(a%)})

log n

-1 + O(a}), (35)

where I = m(, /oy — +/B1)? by definition. (34) holds since

VI—z=1-1z+ O(x?) for x — 0, and (35) follows from
Taylor series expansion. On the other hand,
Qab<z>>
Qabp(2)

(36)

1
—ptp Y Qup(z)e 2

log E(e~ 4% ) =log (1
z€Z

=log (1-p- H?(Qap, Qab))
= —p- H*(Qap, Qap) + O(p°),

2 . . .
n 0) n o n n where H<(-,-) is the square Hellinger distance, and p =
Ty " < Uz \Ual| < Tl k" < [Saal < T 29 ©((logn)/m) = o(1) since it is assumed that m = w(log n).
TR SRR D DR TP DI R O DSRTES 9 oF 7 ERTCT RS
kel O\U, k€Sas k€Saq kel O\U belka] Li€Ton b#b J€Ty
loen A Al At A1 Al Afjbb
cctmrplopl 3 e Y Y- Y Pae ¥ gne Y [ EAY Y
kelUO\U, k€Saz k€Saa ket\O\u, belka] Li€To b#b €Ty
(26)
_e4log71 . [ H E —)qu ‘| . [ H E(@é)\lxk)] . [ H E(e—%/\le ‘| . [ H ]E - >\1Yk 1
ket O\, k€Saa k€Saa ketSO\U,
< 1 [HE(e%A?}’) [H [T E(c#™ )] @7
be(ka] Li€Top b£b J€Th

= exp {i log(n) + Us" \ Ua| - 10g E(e2™%) + [Saa| - log E(e3%%) + |Sua - log E(e™211%¥)

FUO N\ U | - log B(e™2MY) 4

Z |77)b| XlOgE(e 2 1])+Z‘Eb|10gE< %At:b,ﬁ) }

be[ka] b£b
(28)
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Therefore, we bound the exponent in (28) from above in (32)-
(33) shown at the bottom of this page, where (33) follows from
(29)-(31), (35), and (36).

Next, one can show that

logE(e? M%) = logll_aﬁm m :O<loin>,
logB(e %) logll‘ﬂﬁﬁl 8:2351 |:0(lorgzn>,
_1la b.B 1y Qup ()
logE(e 24 i )| =log lprrp‘ZQaE(Z)@ 2 log 45
z€EZ
= — . _ Qan(2) o
o (1 ror S a2 o,

Thus, the second line of (33) scales as O(n,, logn), while the
third line of (33) scales as O(y,mp). Therefore, we further
bound (33) from above in (37)—(39) shown at the bottom of
this page, where (38) holds since the sample probability p =

1+e)—L]logn

% and dyy < Zbe[kz] H?(Qap, Qap)- Note that the
last inequality holds for sufficiently large n, since all of the last
four terms grows slower than ©(logn), and their sum is less

than § log n for large enough n.
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P[L,(i) — La(i) < (¢/2)logn] <
by taking a union bound over all
such that a € [k1]\ {a}, we obtained

we have
Finally,
the clusters Uy

Therefore,
n~(+3),

that with probability at least 1—kyn (F8), L,(i) >
mMaXae(k, ]\{a} La(i) + (¢/2)log n. This completes the proof of
Lemma 4. g

Note that Lemma4 is for a specific useri € [n]. Taking a union
bound over the n users yields that with probability 1 — o(1), all
the users i € [n] satisfy

Logiy(i) > La(i) + (¢/2)logn,  (40)

max

aclk]\{o(d)}

where o (i) is the user cluster that user 7 belongs to.

Finally, it is shown in Lemma 5 belgw that the difference
between the exact likelihood function L, (i) and the original
likelihood function L, (%) is negligible.

Lemma 5: With probability 1 — o(1), there exists a sequence
&n € Q(max{en, el }) No(1) such that for all @ € [k;] and all
users ¢ € [n], |Lq(i) — za(z)’ < &, logn.

The proof of Lemma 5 can be found in Appendix VII-C.
Combining (40) and Lemma 5 via the triangle inequality, we
have that all the users satisfy L, ;) (i) > maXge[r,\{o(i)} La(7)-
This ensures the success of Stage 3, i.e., 0 (i) = (i), Vi € [n].

4

[|saa

logn+ {k — NN } <logE(e%’\1Yk) +logE(e*%’\1X’€)> [|Z/1(O \Uy| — — —&—mm] logIE(e2A Yie)

— + 77n7l:| logE(e™ 2’\1X’“) + |Saa|logE(e ’AlX’“) + U\ U, | 1ogE(67%)‘1Yk)

1 zgab,b
+ Z [ ]logE(e 3 w) [|7Zb|—+vnm} logE<e 2 77)+Z|7;b|logE( —2 A ) (32)
be[ks) bsb
€ n log m
< Stognt | —nun] (<0 4 0d) ) + Y |12 = ] (0 2 Qun Q) + O0P)
be[k’g]
+ Nnn (| IOgE(e%MYk)‘ + |10gE(6_%)\1Xk)’ + ‘ log]E(e%MXk)’ + ‘1OgE(e—%)\1Yk>‘)
tm [ Y logE(e 3 )‘Jrz 10gIE< ““’)‘ 33)
be[ka) bsb
1
Slogn — 2 logn -+ O logn) +0 L ) o 2 HA(Qu,Qu) | + Olymp) +Omp?)  (37)
bE k?g]
(1
ilogn—k—logn—&—(’)(nn logn)+ ( og ) ) [ (1+e) —] log n+0O(y,mp)+O(mp?) (38)
1
(1 2 1
<1 + 3€> logn + O(n, logn)+0O ( ogn) ) + O(ymp) + O(mp?) < — (1 + 26) logn. (39)
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D. Analysis of Stage 4

The analysis of Stage 4 is similar to that of Stage 3. Lemma 6
below states that all the m items can be classified into the correct
cluster when mnp satisfies (41).

Lemma 6: Suppose h € G and (¢, 7(9) € G'. If

((1+¢) = (Iz/k2))mlogm

dr/k1 ’
with probability 1 —o(1), all the items j € [m] satisfy
Ly (9) > maxgegr (i) Ly () R

Finally, based on the outputs {U }sc(i,) and {Zp }pepp,) of

mnp = (41)

MC2G, one can recover the nominal matrix N via majority
voting. Specifically, for a € [k1] and b € [ks], we define u,p, :=
argmax.cz Y ;7 > ez, 1{Ui; = 2}, and we then set

~

Nij = ap, if i €Uy, j €Ly (42)

The correctness of (42) follows from the fact that

Eieﬁu Zjefb ]l{Uij = Z} ~ m’l’LQab(Z)/(klkg).
E. The Overall Success Probability

Let Ej, be the event that MC2G exactly recovers the nominal
matrix. From the analyses of Stages 2—4, we know that for any
he Gand (6, 7(9) e g,

P(Eqc|h, (0@, 7)) >

where (43) isuniforminh € G and (o 0) T
the overall success probability satisfies

1- 0(1)7
0)) € G'. Therefore,

(43)

Ewe) = Y P(h)P(Ewc/h) + > P(h)P(Eqc|h)
heg heBy
>y Ph) Y. P, 7))
heg (o0, 7(0)eg
X P(Egc|h, (0@, 7))
(1=o(1)> Ph) > P, r)h)

heg (o) 7(0)egr
(44)

> (1= o(1))(1 = Ven)* (1 - 2/&)°

= (1-o0(1)), 45)

where (44) is due to (43), and (45) follows from (20) and
Lemma 1.

VI. PROOF SKETCH OF THEOREM 2

The proof techniques used for Theorem 2 is a generalization of
the techniques used in [12, Section IV-B], thus we only provide
a proof sketch here. The key idea is to first show that the ML
estimator ¢y is the optimal estimator (as proved in [12, (33)]),
and then analyze the error probability with respect to ¢y —the
crux of the analysis is to focus on a subset of of events that are
most likely to induce errors, and to prove the tightness of the
Chernoff bound.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 70, 2022

To analyze ¢y, we first show that under the model parameter
(o, 7,N) (where a single parameter ¢ is used to be the abbrevia-
tion of (o, 7, N) in the following), the log-likelihood of observing
(U7 G1 5 GQ) is

Br(1—ay) Ba(1—az)
ar(1-751) az(1—f2)

| . lOg Qab(z) + CO) (46)

logPe(U, G1,G2) =

Y D0 D DL

aclkq] belka] z€2

e log +e log

where e is the number of inter-cluster edges in G; with respect
to o; €3 is the number of inter-cluster edges in G5 with respect
07 D2,(6) = {(i.J) € [n] x [m] : 0(i) = a,7(j) = b,Uy; =
z} is the number of observed ratings z corresponding to user
cluster U, and item cluster Z;; and Cj is a constant that is
independent of (o, 7, N).

Suppose ¢ is the ground truth that governs the model from
now on, and note that the ML estimator ¢y, succeeds if & is the
most likely model parameter in = conditioned on the observation
(U,G1,G9), ie., logP:(U,G1,G>) is larger than any other
log Per(U, G1, G2) for £ € 2\ {¢}. In fact, what we show in
the converse proof is that when mnp is less than the bound
in (17), with high probability there exists another model pa-
rameter {’ € =\ {{} such that the likelihood log P¢/ (U, G, G2)
achieves the maximum.

Specifically, let £’ # £ be a model parameter that is identical
to & except that its first component ¢’ differs from o by only two
labels, i.e., 3, L1{o"(i) # o(i)} = 2. As the distinction be-
tween &' and € is small, the probability thatlog Per (U, G1, G2) >
log P¢(U, G1, G2) turns out to be relatively large, which is at
least

% exp {—(1—}—0(1))211(]1;1%71) —(140(1)) QW”Z;du } 47)

due to the tightness of the Chernoff bound (which can be
proved by generalizing [12, Lemma 2]). In fact, one can find
a subset 29 C = of model parameters such that || = ©(n)
and each element in &, € 2 satisfies (47) (i.e., the probabil-
ity that & induces an error is relatively large) This, together
with the assumption that mnp < ko[15¢ — —]n log n/dy, even-
tually implies that with probability approachlng one, there
exists at least one & € =¢ such that logP¢, (U, G1,G2) >
log P¢(U, G1, G2). Thus, the ML estimator fails.

In a similar and symmetric fashion, one can show that the
ML estimator fails with probability approaching one, when
mnp < k1[45 ——]mlog m/dz. This completes the proof of
the converse part.

VII. EXPERIMENTS

In this section, we apply the simplified version of MC2G
mentioned in Remark 3 (without the information splitting step),
as the sizes of the graphs m and n cannot be made arbitrarily
large in the experiments.® That is, the four stages are applied to

3 As discussed in Remark 3, the information splitting method is merely for
the purpose of analysis, and the first part of the graphs (G¥, G%) turns out to
be too sparse to achieve weak recovery of clusters when m and n are not large
enough.
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Fig.3. The empirical success rate (over 400 trials) vs. the normalized sample
complexity under the setting described in Section VII-A.

the fully-observed graphs (G, G2). While this implementation
is slightly different from the original algorithm as described
in Algorithm 1, its empirical performance nonetheless demon-
strates a keen agreement with the theoretical guarantee for the
original MC2G in Theorem 1 (as shown in Section VII-A below).

A. Verification of Theorem I on Synthetic Data

We verify the theoretical guarantee provided in Theorem 1 on
a synthetic dataset generated according to a symmetric setting
described as follows. The setting contains k; = 3 user clusters,
ko = 4 item clusters, nominal ratings

z11 =9, zi2=1, z13 =4, 214 =2,
291 =2, 2o =4, 223 =05, 24 =1,
231 =3, 232 =2, 233 =0, 234 =15,

with Z = {1,2,3,4,5}, and the personalization distribution
Qvz(v|z) that equals either 0.6 (if v = 2) or 0.1 (if v # 2).
We set n = 2m, and both I; and I, (the qualities of social and
item graphs) to 2. Fig. 3 shows the empirical success rate as a
function of the normalized sample complexity for three different
values of m and n. The empirical success rate is averaged over
400 random trials, and the normalized sample complexity is
defined (according to Theorem 1) as mnp divided by

(1= (I1/k1))nlogn (1 — (I2/ke))mlogm
o B nioen L= (Brbmioam |y,

It can be seen from Fig. 3 that as the normalized sample com-
plexity increases, the empirical success rate also increases and
becomes close to one when the normalized sample complexity
exceeds one (corresponding to the success condition).

B. Comparing Mc2G With Other Algorithms on Synthetic Data

Next, we compare MC2G to several existing matrix comple-
tion algorithms on another synthetic dataset. The competitors
include OPTSPACE [15] (a state-of-the-art matrix completion
algorithm based on singular value decomposition followed by
local manifold optimization), SoRec [3] (a matrix factorization
based algorithm that incorporates social graphs), and a spec-
tral clustering method with local refinements using only the
social graph or only the item graph as side information by
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Fig. 4. Comparisons of MAEs of different algorithms under the synthetic
setting described in Section VII-B.

Ahn et al. [1]. This synthetic dataset is simpler compared to
the one in Section VII-A, as we need to choose the ratings Z
to be binary (as other competing algorithms are amenable only
to binary ratings). It contains n = 3000 users partitioned into
two user clusters, m = 3000 items partitioned into three item
clusters, and we set the qualities of graphs I; = 1.5 and I, = 2,
as well as the nominal ratings to be 217 =0, 212 = 1, 213 =0,
291 = 0, 2990 = 0, 293 = 1. The personalization distributions are
modelled as additive Bern(0.25) noise, i.e., Qv|z(v|z) equals
0.75 if v = #z, and equals 0.25 otherwise.

To ensure that the comparisons are fair, we quantize the
outputs of the other algorithms to be {0, 1}-valued. We measure
the performances using the mean absolute error (MAE)

n om Nq"—N"
MAE := ) INi; = Nig|
mn

i=1 j=1

(49)

Fig. 4 shows the MAE (averaged over 100 random trials) of each
algorithm when p € [0.001, 0.01]. It is clear that MC2G is orders
of magnitude better than the competing algorithms in terms of
the MAEs for this synthetic dataset.

C. Comparing Mc2G With Other Algorithms on Real Graphs

Next, we applied MC2G to a semi-real dataset that contains

synthetic ratings but is inspired by real graphs.

e We adopt the LastFM social network [16] (collected in
March 2020) as the social graph. Each node is a LastFM
user, while each edge represents mutual follower relation-
ships between users. The network contains n = 7624 users
that are partitioned into 18 clusters with maximal size 1572
and minimal size 16. The sizes of all the 18 clusters and
the empirical connection probabilities are provided in the
supplementary material.

e We adopt the political blogs network [17] as the item
similarity graph. Each node represents a blog that is ei-
ther liberal-leaning or conservative-leaning, and each edge
represents a link between two blogs. This network contains
m = 1222 blogs which are partitioned into two clusters
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Fig. 5.  Comparisons of MAEs of different algorithms under the semi-real

setting described in Section VII-C, where we adopt the LastFM social network
and political blog networks as social and item similarity graphs respectively. The
length of each errorbar above and below each data point represents the standard
deviations across the 100 independent trials.

with sizes (my, ma) = (586,636), and the empirical con-
42.6 4.2
4.2 38.8

We choose Z = {0, 1}. The nominal ratings {z;; } fori € [18]
and j € [2] are provided in the supplementary material. The
personalization distributions are modelled as additive Bern(0.1)
noise. The nominal matrix N is synthesized based on the user and
item clusters as well as the nominal ratings. The personalized
ratings matrix V' is then synthesized from N and personalization
distributions. Note that the objective is to recover the low rank
nominal matrix based on partial observations of the personalized
rating matrix V.

We compare MC2G to the algorithms introduced in VII-B on
this semi-real dataset. Fig. 5 shows the MAE (averaged over 50
trials) of each algorithm when p € [0.002, 0.012]. Clearly, MC2G
is superior to the other algorithms, and the advantage is more
significant when the sample probability p is small. In addition,
the errorbars above and below each data point (representing one
standard deviation) for MC2G are fairly small, demonstrating
the statistical robustness of MC2G. The average running time
(in seconds) of each algorithm, when p = 0.01, is as follows®,
showing that the running time of MC2G is commensurate with
its prediction abilities.

nection probabilities are B’ = x 1073,

Mc2G
37.43s

[1] (social)
26.24s

[1] (item)
0.89s

SoRec [3]
0.47s

OPTSPACE [15]
32.83s

The reason why the running times of MC2G are longer than
the algorithm in [1] is that MC2G performs spectral clustering
for both social and item graphs, while their algorithm only
performs spectral clustering for one graph. SoRec runs faster
but its performance is rather poor, as can be seen from Figs. 4
and 5.

%We point out that MC2G, Ahn et al.’s algorithm [1], and SoRec are imple-
mented in Python, while OPTSPACE is run in Matlab (since only its Matlab code
is publicly available).
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APPENDIX A
THEORETICAL GUARANTEES FOR WEAK RECOVERY

Theorem 3 (Adapted from Theorem 6 in [48]): Suppose
an SBM contains N nodes that belong to K disjoint clusters
with relative size (p1,...,px ), where Zszl pr = 1 and each
pr does not depend on N. Let §: [N] — [K] be the label
function, R be the K x K symmetric connectivity matrix, and
Ruax = max; jc[x] Ri; be the largest probability.

Assume the following conditions hold: (i) NRy.x = w(1);
(ii) there exists a constant C; > 0 such that for all ¢, 7,k €
[K], max{ S:i, 1:2;} < (Cy; (iii) there exists a constant
Cy > 0 such that Zle(Rik — Rjk)?/R2,« > Cs. Then, ap-
plying the spectral clustering method in [4, Algorithm 2]
yields that with probability 1 — o(1), the estimated label func-

tion & satisfies 1(9, 3\) = (’)(WM), where (9, 3\) =

milges, & > ie[N] ]l{g(z) # w(d(4))} is the misclassification
proportion. B

We now check that the artificial SBM G satisfies the condi-
tions in Theorem 3. Note that for (G1, the entries in the connectiv-
ity matrix equal either cvy /v/log n or 81 /+/log n, both of which
scale as ©(y/logn/n) since a1 and /31 scale as ©((logn)/n).
Thus, nay /+/logn = ©(y/log n), and condition (i) holds. Also
note that condition (ii) holds since a and (3; have the same
scaling. Moreover, one can check that condition (iii) is equiva-
lent to 2( = — \/@E)Q/(\/%)Q > (', which clearly holds
since a1 and 31 have the same scaling. Therefore, applying the
spectral clustering method in [4, Algorithm 2] to GG; yields that

with probability 1 — o(1),
2 2
Le®, 0)=0 (log(na1/viogn))"\ _ ,( (loglogn) ’
nay /+/logn Viogn
which tends to zero as n tends to infinity. Similarly, one can
also show that applying the spectral clustering method in [4,
Algorithm 2] to G2 yields that with probability 1 — o(1),

(log(mag/\/logm))2> :O<(loglog m)2)
masy//Togm Viegm )’

which tends to zero as m tends to infinity (or equivalently, as
n tends to infinity, since n = w(logm)). Therefore, there exist
vanishing sequences €, 7,,, and -y, such that with probability at
least 1 — ¢, the spectral clustering method running on G'; and
(5 ensure that 11(0(0), o) <, and lg(T(O), T) < Yn.

Remark 9: There is a subtle difference between the SBM
considered in [48] and the current work. It is assumed in [48]
that each node is assigned to the k-th cluster with probability
Dk, thus when setting (p1,...,px) = (1/K,...,1/K), all the
clusters have size approximately n/K. In contrast, the current
work assumes that all the clusters have exactly the same size
of n/K. However, the theoretical guarantee of the spectral
clustering method in [4, Algorithm 2] is valid for both models.
The only difference in the proofs is that for the model in [48],
one needs to additionally prove that the size of the k-th cluster is
tightly concentrated around pyn (for all k € {1,..., K}) with
high probability, by using proper concentration inequalities such

lo(7©), 7)=0 (
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as the Chernoff bound. For example, inequality (31) in [48] holds
only when the cluster size is at least ppn(1 — o(1)).

APPENDIX B
PROOF OF LEMMA 1

Consider the process of first generating a sub-graph H3' and
then generating a sub-SBM G¥ on the sub-graph H$. The proba-
bility that an edge E;; (connecting nodes i and ) appears in G
equals’ 1/4/Iog n multiplied by a1 or 3; (depending on whether
¢ and i’ are in the same community). Thus, a key observation
is that the aforementioned process is equivalent to generating
G directly. By this observation and recalling that a spectral
clustering method running on G; ensures [y (0(0), o) <, with
probability at least 1 — ¢, [48, Theorem 6], we have

> P(H}=h

a
hg

)Psuc(h?) >1—e€, (50)

where Py, (h3) is the probability that a spectral cluster-
ing method running on G (which depends on h{) ensures
1109, 0) < . Let H3Y and H2P respectively be the sets
of good and bad sub-graphs h§. Suppose the probability of gen-
erating a good sub-graph (i.e., hf € H?’g) islessthan 1 — | /e,,.
Then, by the definition of the good sub-graphs h{,

SR (H} = 1) Puc(h)

h3

< 2

agqy g
hyeny

Y P(HP=h)

a,0,8.0
haeH?

=hi)+ Y, P(Hi=h)(1-

a a,B
hieH]

+ (1-ven) (1— > P} :hi‘))

a,n,8,0
haeH?

Ven)

<1l-—e€,

which yields a contradiction to (50). Thus, we conclude that
with probability at least 1 — /€,, over the generation of H7, the
randomly generated H?{ is a good sub-graph.

Now, we consider a specific user node i € [n], and use the
random variable D;; ~ Bern(1/y/logn) to denote whether or
not the edge between nodes ¢ and ' (where i’ # 7) belongs to
Hy Let D = Zi,#i D, be the degree of node ¢ in H{, and its
expected value E(D) = (n — 1)/y/logn.

Theorem 4 (Multiplicative Chernoff bound): Suppose
Xi,...,X,, are independent random variables taking values
in {0,1}. Let X :=>""" ; X, denote their sum and E(X) de-
note the sum’s expected value. Then, for any § > 0, P(X >

(14 0)E(X)) < exp{— 20}

Proof: The proof of Theorem 4 follows from [56, Ex. 4.7]
together with the inequality 22+55 < log(l +9d)ford >0. O

Applying Theorem 4 with § = = — 1, we have
PlD>_ 2| b (D>(146ED) <o T o
> > < 24 logn |
D> 2| P (D2 (146D < ¢

7Specifically, the probability that an edge E;; appears in G is equal to the
probability of F;;» belonging to H{ multiplied by the probability of generating
E,;;s in the sub-SBM G7§.
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Thus, with probability at least 1 — exp{— Qj_ 6()" Jliﬂ} the de-

gree of node 7 in H? is at most 2n/+/logn. A union bound
over all user nodes guarantees that, with probability at least

(2+5n\/%} =1—exp(—O(n/vlogn)), the de-

grees of all the nodes in H{ is at most 2n/+/log n, which implies
the complement sub-graph H? is good.
Without loss of generality, we can assume that /€,

1 —nexp{—

decays slower than exp(—O(n/v/logn)), ie. /€, >
exp(—0O(n/+/log n)) for sufficiently large n. This is because we

have the flexibility to choose €,,: even if it is allowed to choose
an €, such that /e, decays faster than exp(—0(n//logn)),
one can always decide to choose an ¢,, that does not decay so
fast. Thus, applying a union bound (over the “good events” for
H? and HP) implies that for sufficiently large n, the probability
that both Hi and H} are good is at least 1 — 2,/€,,. In a similar
manner, we can also prove the analogous statements for /75 and
HY. Due to the independence of the generations of (H, HP)
and (H%, HY), the probability that Hi, HP, H3 HY are all
good is at least (1 — 2,/€,)%.

APPENDIX C
PROOF OF LEMMA 2

We first analyze the estimates {Baa}aE k] in (5).
By letting {X;} * & Bern(al) and {Y;} " X "Bern(f1), w
have e, u”) =5 X, + S22, Yi, where B =
(0)

Zae[,ﬁ] (‘S;"‘) and By = (|u ‘) B;. Note that ug,, =
]E[@(Z/[éo),uéo))] < Qu‘é ‘). On the other hand, since the de-
gree of any nodes in A7 is at least n(1 — 2/+/logn) (or equiv-
alently, the number of non-edges of any nodes is at most
2n/+/log n), we know that

By )
u! (0) u(O) X}, and B
e( ; k and pp,, 2| B = Zen |

Applying Theorem 4 yields that for any 6 € (0, 1), with proba-
bility at least 1 — 2 exp(—52pus,, /3),

(1- 5)(31_

2

n
Vlogn

>a1 < U, U)

(0)
< (140 (|Z/{; > .

As the estimate éaa = e(UéO) ) uéo))/ (‘M{S;) ‘) , we then have

(1—5—01%— <(1+49)a;.

Co =
m) a; < B
for some constants c¢;,c > 0. By choosing § = 1/+/logn, we
complete the proof for §aa.

The analyses of other estimates {B\aa/}a#a/, {ébb}be[kz],
and {Ebb/}b#b/ are similar, thus we omit them for brevity
(except that we need to replace 7, by -, for {ébb}be[kg]’

and {gbbf}b#b/). Therefore, one can find a sequence ¢, €
Q(max{vn, nn, 1/v/1ogn}) No(1) such that Lemma 2 holds.
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APPENDIX D
PROOF OF LEMMA 3

Let us recall the definition of @ab( ) in (7), in which the nu-
11d
Zzeu“’) Z]ez(m 1{U;; = 2}. Let {Ti;} ~

Bern(p), {Z“b} % Qap for all a € [ky] and b € [ko]. Thus,
|QZ, | can be rewritten as

> Tz =

1€Saa J€Tbb

merator |QZ,| =

DD D0 D TUZY =),

a#a b#b 1€Saa JE€ Ty,

Note that the number of summands in the first term

i € Saal - 17 € Ton| 2 [((n/ k1) =nnn) ((m/k2) = ynm)]:= L.
Thus, the expectation of |QZ,| satisfies
E(|Q5)) > L E(T;;1(Z = 2)) = LpQap(2), and
E(|Q%) < L-E(Ti;1(Zij = 2))+(mn/(kikz2) — L)E(T3;),

where the upper bound is due to the fact that ]l(Z;?j5 =
z) < L. Applying Theorem 4 yields that with probability 1 —
exp(—O(62E(|QZ,))), forall z € Z,

|sz| > (1 - 5)Lanb(Z)a
1Qasl < (14 6)(1 + O(max{nn, v })) LpQan(2),

where § € (0,1). Choosing 6 = 1/4/log n, we ensure that with
probability 1 — o(1), forall z € Z, a € [ky], and b € [k2],

(Qab(2)/Qav(2)) — 1| = O(max{n,, v, 1/v/log n}).

and

APPENDIX E
PROOF OF LEMMA 5

First note that

aa’ l_gaa’
| Lo (3)— < N el{iy U |lo Baw(1-Baw)
a’E[kl] B

B
g =
B

aa’ 1—

£YY U, #e) - |log 20 )

be k2] _]EISJ> Qab(ulj)

D

AS D ek e({i},Uép)) represents the degree of user ¢ in the
social graph, and its expectation p; satisfies nf3; < p; < noj.
By applying Theorem 4, we have that for any x > 0,

.2
< e 2R

Pl Y e(firul) >

a’elkq]

(1+ k)naq (52)

We choose « to be a large enough constant that ensures the RHS
of (52) to scale as o(n~!). Then, by applying the union bound
over all the n users, we have that with probability 1 — o(1), all
the users i € [n] satisfy

Z e({i}J/{é,O)) < (14 Kk)nag = cglogn,
a’elkq]

(53)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 70, 2022

for some constant c¢3 > (0. Also, note that the term
2 belks] Zjdéo) 1{U;; #e} corresponds to the number of ob-
served ratings for each user. By a similar analysis (based on the
Chernoff bound), one can show that with probability 1 — o(1),
all the users i € [n] satisfy

Z Z 1{U;; #e} < calogn,

belks] jez(®

(54)

for some constant ¢4 > 0.

Recall from Lemmas 2 and 3 that the estimated con-
nection probabilities satisfy |(Baa/fBaa/) /Baw| < &, for all
a,a’ € [k1], and the estimated personalization distribution
[(Qub(2)/Qab(2)) — 1| < &, for all a € [k1],b € [ko], 2 € Z.
By applying a Taylor series expansion, we then have

Baa’ (1 - /B\aa’)
B\aa’ (1 - Baa’)

Combining (53), (54), and (55), we complete the proof of
Lemma 5.
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