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Abstract—We establish an achievable rate region for discrete
memoryless interference relay channels that consist of two
source-destination pairs and one or more relays. We develop an
achievable scheme combining Han-Kobayashi and noisy network
coding. We apply our achievability to two cases. First, we charac-
terize the capacity region of some classes of discrete memoryless
interference relay channels. These classes naturally generalize the
injective deterministic discrete memoryless interference channel
by El Gamal and Costa and the discrete memoryless relay
channel. Moreover, for the Gaussian interference relay channel
with orthogonal receiver components, we show that our scheme
achieves a better sum rate than that of noisy network coding.

I. INTRODUCTION

Discrete memoryless interference channel (DM-IC) was in-
troduced by Ahlswede [1]. Discrete memoryless relay channel
(DM-RC) was first studied by van der Meulen [2]. Neither
the capacity region of the DM-IC nor the capacity of the
DM-RC has been characterized yet except for some special
cases. First, for DM-IC, the best known inner bound was
obtained by Han and Kobayashi [3]. This inner bound was
shown to be tight for the injective deterministic DM-IC by
El Gamal and Costa [4]. On the other hand, one relaying
strategy for DM-RC is compress-and-forward (CF) due to
Cover and El Gamal [5] where the relay compresses its
observation and forwards it to the destination. CF was shown
to be optimal for the deterministic DM-RC with orthogonal
receiver components [6] and the modulo-2 sum relay channel
[7]. Recently, noisy network coding [8] generalized CF for
general discrete memoryless relay networks.

A natural next step is to extend these results to more
general channel scenarios in which there are more than two
transmitter-receiver pairs and/or relays. As one such model,
we consider a discrete memoryless interference multi-relay
channel (DM-IMRC) that consists of two source-destination
pairs and an arbitrary number of relays. For this channel, we
combine Han-Kobayashi and noisy network coding schemes
to establish an achievable rate region.

We apply our achievability to two cases. First, we charac-
terize the capacity region of some classes of discrete memo-
ryless interference relay channels (DM-IRCs) which naturally
generalizes the injective deterministic DM-IC by El Gamal
and Costa [4] and the DM-RC. Here, depending on the links
between the relay and the transmitters/receivers, there are four
types of the interference relay channels [9]. As a special case,
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we consider channels with in-band transmission/reception re-
lay and out-of-band transmission/in-band reception relay to
get the capacity result. For the converse, a cut-set bound and
a genie-aided proof technique are used. Furthermore, for a
Gaussian interference relay channel (GIRC) with orthogonal
receiver components, we show we can obtain a better sum rate
than that in [8].

The rest of the paper is organized as follows. In Section
I, we introduce the DM-IMRC model. Section III presents
the achievable rate region for the DM-IMRC. Section IV
characterizes the capacity region of some classes of DM-
IRC. Section V focuses on the GIRC with orthogonal receiver
components.

II. MODEL

We consider a DM-IMRC as depicted in Fig. 1. A
(2”R1,2”R2,n) code consists of two message sets M; =
{1,...,2"%} and My = {1,...,2"%2}  two encoding func-
tions at the sources where the first source (node 1) maps its
message my; € M to a codeword z}(m1) € XJ* and the
second source (node 2) maps its message my € My to a
codeword z% (mg) € XJ, N processing functions at the relays
(node 3,k where k € [1 : NJ) that map each past received
symbols yé}l € yg'j,j to a symbol $3’k’i(y§;€1) € X3, and
two decoding functions at the destinations where the first
destination (node 4) maps each received sequence y; € Vi
to a message estimate 77 and the second destination (node
5) maps each received sequence yy € YV to a message
estimate 2. The first source (node 1) sends z7(m1) and the
second source (node 2) sends 27 (mz). The average probability
of error for a (2"f1 2nF2 p) code is given as pm A
Pr ((Ml,Mg) + (Ml,M2)>. A rate pair (Ry, Ry) is said to
be achievable if there exists a sequence of (2"f1 272 pn)
codes such that Pe(") — 0 as n — oo. The capacity region C'
is the closure of the set of achievable rate pairs (R, Rz).

III. MAIN RESULTS
An achievable rate region for the DM-IMRC is established
in the following theorem.

Theorem 1. A rate pair (R1,Rs) is achievable for the
DM-IMRC if there exists some probability mass function (pmf)
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Fig. 1. A discrete memoryless interference multi-relay channel (DM-IMRC) 5
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Fig. 2. A class of injective DM-IRCs with orthogonal receiver components

— I(Y3(8); Y3(8)| X2, Uy, XV, ¥5(5°), Y5,Q)}
+min{I(X1, Uz, X3(5); V3(5°), Ya|Us, X5(59), Q)

— I(Y3(8); Y3(S)| X1, Uz, X, ¥5(5°), Y4, Q)}

for all subsets S C |1 N] such that X3(S) C
{X3,1,--, X3 N} which are relay nodes.

Proof: We leave the proof in the full version of this paper
[10]. ]

IV. CAPACITY OF A CLASS OF INJECTIVE INTERFERENCE
RELAY CHANNELS

In this section, we characterize the capacity region of some
classes of injective DM-IRCs.

A. Injective DM-IRC with orthogonal receiver components

First, we consider a class of injective DM-IRCs with orthog-
onal receiver components. In this class, the channel outputs are
given as follows:

Y, = (Y4IaY4”)
V5 = (Y5, Y5')
V) = ya(X1,T2)
Yy = ys5(X2,Th)

where 77 = ¢1(X;) and Ty = t3(X5) are functions of X,
and Xs, respectively. The functions y4 and ys are injective
in ¢; and to, respectively, i.e., for every x1 € Xi, ya(z1,t2)
is a one-to-one function of ¢, and similarly for y5. The relay
sends information over common rate-limited noiseless links
of rate C1 £ max,(,,) [(X3;Y]’) to the first destination,
and rate Co £ max;,(,,) I(X3;Y2') to the second destination.
This class of DM-IRCs is illustrated in Fig. 2. For the class
of injective DM-IRCs illustrated in Fig. 2, the following
propositions give inner and outer bounds.

Proposition 1. The following set of rate pairs (R1, R2)
constitutes an inner bound of the class of injective DM-IRCs
in Fig. 2.

Ry <min{H(Y/|T», Q) + H(Y3|Y}, T2, Q), (1)
H(Y{|T5,Q) + C1} — H(Y3|T1, T, Q)}

Ry <min{H(Y5|T, Q) + H(Y3|Y3,T1,Q), 2)
H(Y;|Ty,Q) + Co} — H(Y3|T1,T5,Q)}
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Ry + Ro
< min{H (Y3, Y{|T1, T3, Q),

H(Y[|T1, T, Q) + C1} — H(Y3|Th, T3, Q)
+min{H (Y3, Y5|Q), H(Y3|Q) + Ca} — H(Y3|T1, T2, Q)
Ry + Ro
< min{H (Y3, Y|T1, T3, Q),

H(Y|T1, Ty, Q) + Co} — H(Y3|Th, T3, Q)
+min{H (Y3, Y;|Q), H(Y{|Q) + C1} — H(Y3|T1, T2, Q)
R+ Ry
< min{H (Y3, Y{|T1,Q), H(Y{|T1,Q) + C1}
+min{H (Y3, Y5| T2, Q), H(Y5|T2, Q) + C2}
COH(YA|TY, T, Q)
2R, + Ry
< min{H (Y3, Y{|T1, T2, Q), H(Y{|T1, T, Q) + C1}
+min{H (Y3, Y;|Q), H(Y{|Q) + C1}

+ min{H (Y3, Y;|T2, Q), H(Y5|T2, Q) + Ca}

= 3H(Y3|T1, T3, Q)

Ri+ 2R,

< min{H (Y3, Y5|T1, T2, Q), H(Y5|T1, T2, Q) + Ca}
+min{H (Y3, Y5|Q), H(Y5|Q) + Ca}

+ min{H (Y3, Y/|T1,Q), H(Y{|T1,Q) + C1}
—3H(Y3|T1, T2, Q)

3)

“4)

(&)

(6)

)

Jor some pmf p(q)p(x1q)p(22|q).
Proof: The achievability is directly obtained by letting
N =1,Y3 =Y3,U; =T1, and Uy = T5 in Theorem 1. [ |

Proposition 2. The following set of rate pairs (R1, R2)
constitutes an outer bound of the class of injective DM-IRCs
in Fig. 2.
Ry < min{H(Y{|T», Q) + H(Y3|Y,, T2, Q) (3)
— H(Y3|T1, T2, Q), H(Y{|T2, Q) + C1}
Ry < min{H (Y5|T1,Q) + H(Y3|Yy, T1,Q) )
— H(Y3|T1,T2,Q), H(Y3|T1,Q) + Co}
Ry + Ry < min{H(Y/|Y3,T1,T»,Q), (10)
H(Y[|T1,T>,Q) + C1}
+min{H (Y3, Y5|Q) — H(Y3|T1, T3, Q),
H(Y3|Q) + Ca}
Ry + Ry < min{H (Y;|Y5,T1,T>,Q),
H(Y{|T1, T2, Q) + Ca}
+min{H (Y3, Y{|Q) — H(Y3|T1, T3, Q),
H(Y|Q) + C1}
Ry + Ry < min{H (Y3, Y{|T1,Q) — H(Y3|T1, T3, Q),
(12)

Y

+ mln{H(Y37Yg|T27Q) - H(Y3|T1aT25Q)7
H(Y:’)/|T27Q) +CQ}

2Ry + Ry < min{H (Y,|Y3,T1,Ts, Q),
H(Y{|T\,T», Q)+ C1}
+ min{H(Yg,YﬂQ) — H(Y5|T1,T2,Q),
H(Y[|Q) + C1}
+ min{H (Y3, YZ|Ts, Q) — H(Y3|T1, T», Q),
H(Y3|Tz, Q) + C2}
Ri+ 2Ry < min{H(Yg|Y3,T1,T2,Q),
H(Y;|T1,T2,Q) + Ca}
+min{H (Y3, Y5|Q) — H(Y3|T1, T2, Q),
H(Y5|Q) + Co}
+ min{H(Yg,YﬁTl, Q) — H(Y3|T1,T», Q),
H(Y/|T1,Q) + C1}

for some pmf p(q)p(x1]q)p(x2|q).

Proof: The proof is given in Appendix A. ]
From the above two propositions, we can easily obtain the
following theorem which gives the capacity region.

13)

(14)

Theorem 2. The capacity region of the class of injective DM-
IRCs in Fig. 2, where Cy > H(Ys|Y)) and Cy > H(Y3|YY),
is the set of rate pairs (R1, Ra) such that
Ry <H(Y3,Y{|T»,Q) — H(Y3|T1, T2, Q)
Ry <H(Y3,Y5|Th,Q) — H(Y3|T1, T2, Q)
Ry + Ry <H(Y3,Y,|T1,T>,Q) + H(Y3,Y5|Q)
—2H(Y3|Th,T»,Q)
Ry + Ry <H(Y3,Y3|Th,T2,Q) + H(Y3,Y{|Q)
—2H(Y3|Th, 1, Q)
Ry + Ry <H(Y3,Y[|T1,Q) + H(Y3,Y5|T, Q)
—2H(Y3|Th,T»,Q)
2R, + Ry <H(Y3,Y{|T1,Ts, Q) + H(Y3,Y,|Q)
+ H(Y3, V5|13, Q) — 3H(Y3|T1, T2, Q)
Ry + 2Ry <H(Y3,Y3|T1, T2, Q) + H(Y3,Y5|Q)
+ H (Y3, Y{|T1,Q) — 3H(Y3|T1, T2, Q)

for some pmf p(q)p(z1]q)p(x2|q).

B. Injective DM-IRC with an in-band reception/in-band trans-
mission relay

We consider a class of injective DM-IRCs with an in-band
reception/in-band transmission relay. In this class, the channel
outputs are given as follows:

Y4 - y4(X1aT2) X3)
Ys = ys5(Xo, Th, X3)

where 71 = ¢1(X1) and Ty = t3(X5) are functions of X,
and Xo, respectively. The functions y4 and ys are injective
in t; and to, respectively, i.e., for every (z1,x3) € A1 x A,
ya(x1, ta,x3) is a one-to-one function of ¢, and similarly for
ys. This class of DM-IRCs is illustrated in Fig. 3. For the
class of injective DM-IRC:s illustrated in Fig. 3, the following
theorem gives the capacity region.
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Xl y4(X17T27X3) n
A
— tl (Xl)
Y3 X3 —
— tg (XQ)
X ys(Xo, Th, X3)—> Y5
Fig. 3. A class of injective DM-IRCs with an in-band reception/in-band

transmission relay

Theorem 3. The capacity region of the class of injective
DM-IRCs in Fig. 3, where 1(X5;Yy) > H(Y3|X3,Ys) and
I(X5;Ys) > H(Y3|X35,Ys) for all p(xs), is the set of rate
pairs (Ry, Ra) such that
Ry <H (Y3, Ya|Ty, X3,Q) — H(Y3|T1,T», Q)
Ry <H(Y3,Y5|T1, X3,Q) — H(Y3|T1,12,Q)
Ry + Ry <H (Y3, Y4|T1, T, X3,Q) + H(Y3,Y5|X3,Q)
—2H(Y3|T1, T2, Q)
Ry + Ry <H(Y3,Y5|Th, T2, X3,Q) + H(Y3,Ya| X3,Q)
—2H(Y3|T1, T, Q)
Ry + Ry <H(Y3,Y4|Th, X3,Q) + H(Y3,Y5|Ts, X3,Q)
—2H(Y5|T1,T5,Q)
2Ry + Ry <H(Y3,Y4|T1,Ts, X3,Q) + H(Y3,Y4|X3,Q)
+ H(Y3,Y5|12, X3, Q) — 3H(Y3|T1, T2, Q)
Q)
Q)

Rl + 2R2 SH(}/37)/5|TMT23X37Q) =+ H(Y37Y5|X3;
+ H(YE’)7Y4|T17X37Q) - 3H<Y3|T17T27

for some pmf p(q)p(x1]|q)p(x2|q)p(xs3q).

Proof: The achievability of Theorem 3 is directly obtained
by letting N = 1,Y; = Y3, U; = T4, and Uy = T5 in Theorem
1. The converse proof is similar to that in Appendix A. H

V. GAUSSIAN INTERFERENCE RELAY CHANNEL WITH
ORTHOGONAL RECEIVER COMPONENTS

Consider the GIRC with orthogonal receiver components in
Fig. 4. The channel outputs are

Y3 =g31X1 + g32Xo + Z3
Y, = gu X1+ g12Xo + Z4
Ys = g51 X1 + g52Xo + Z5.

where Y; = (Y}, Y}”),Y/ and Y}” are independent for [ = 4, 5,
gk is the channel gain from node % to node j and the noise
Z; ~ N(0,1) is independent and identically distributed (i.i.d.).
Relay helps the communication of two source-destination pairs
by forwarding some information about Y3 to both destinations
through a common rate-limited noiseless link of rate Ry, =
Maxy (zq) (X5 V(') = maxy(ey) 1(X3;Y5").

We consider Py, = P, =P, X1 =U1+ Vi, Xo =Us + V
and Uy, Vi, Uy and V5 are independent where U; corresponds
to the common message and V; corresponds to the private

Jy Zs
Xl g4 + n
Ys— Ry

Zs

Fig. 4. GIRC with orthogonal receiver components

Sum rate
IS

= = = Noisy network coding
Proposed scheme

I I I I I I I
0 5 10 15 20 25 30 35 40
SNR(dB)

Fig. 5. Comparison of two schemes for the GIRC with orthogonal receiver
components with g41 = gs2 = 1,942 = gs1 = g31 = 0.5,g932 =
0.1, Rp = 1.

message for ¢ = 1,2 and power is allocated as Py, = (1 —
«;)P, Py, = a; P for i = 1,2. Then, setting Ys = Y3+ Z with
7 ~ N(0,0?) yields the inner bound in [10]. The details are
left in [10].

Remark 1. Above inner bound is the same as that achieved
by Han-Kobayashi and Generalized Hash-and-Forward
schemes [11] for a GIRC with a digital relay link of rate Ry
bits per channel use.

Remark 2. The sum rates of the proposed scheme is compared
with that of [8] in Fig. 5. The sum-rate curve for the noisy
network coding from [8] is obtained by using noisy network
coding via simultaneous nonunique decoding and that via
treating interference as noise. Proposed scheme outperforms
these two schemes since Han-Kobayashi scheme is more
general and includes as special cases both simultaneous
nonunique decoding and treating interference as noise.
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APPENDIX
A. Proof of Proposition 2

Let @ be a random variable uniformly distributed over
[1 : n] and independent of (X7, X7 X2 Vi Y, Y)) and
let X4 £ XlQ,XQ £ X2Q7X3 £ X3Q,Y3 £ YgQ,n £
Yig,Ys £ Ys0,Ti £ Tig, and Ty £ Thg. The first term in
the minimum in (8) in Proposition 2 is obtained as follows.

nRy <I(My;Y]") + ne,
<I(My; YY) + ne,

(@)
<I

=/

—~

Ml; Y4na }/3”|T2n) + ney,
My Y3 |T') + I(Mq; Y'Y, T3') + ney,

—~

I(My; YoV~ T3) + H(Y] Y5, T3) + ey

e

&
Il
-

=
7=

I(My; Y| Y571 T3) + H(Y Y5, T5') + nen,

N
Il
—

—~
o
N

I

@
Il
-

(T, Xais My, Yy Tyt T 1 Vo | Tg)

+ H (Y4 |Toi, Ya;) + ney

3

—
S8
=

I(Thi; Ysi|Toi) + H(Yy;|Toi, Yai, X30) + ney,

s
I
-

I(Thi; Y3 |To;) + H(Yy;| T2, Yai) + ney,

&

=1
=n(I(Th; Y3|T», Q) + H(Y{|T2,Y3,Q)) + ney
:n(H(Y37 Y4/|T27 Q) - H(Y3|T17 T27 Q)) + nenp

where () is the usual time-sharing random variable and (a)
follows by the fact that X3' and X7 are independent. b follows
since Y;'™ is a function of X% and X7 is a function of Y3". (¢)
follows since X, is a function of M7, T}, is a function of X7;,
X3, is a function of Y;_l, and conditioning reduces entropy.
(d) follows by the memoryless property which implies that
(My, X14, Yy~ T3 T3 ) — (Thy, To;) — Ys,. The second
term in the minimum in (8) is obtained as follows.

nR; < I(MUY[L) —+ ne,

< 1 YITE) + e
< I(X7, X33 YTE) + nes
= I(X7, X5 Y]\ T3) + (X7, X855 Y{ T3, Vi) + ne,
< H(Y{MT3) + (X35 Y{™) + ne,
<n(HY,|T>,Q) +C1 +€n)
where (a) follows by the fact that X]* and 75" are independent.
Similarly, we can obtain inequality (9). Next, we show some
inequalities for rest terms.
I = I(My Y[, Y5 T T)
< H(TV) + (X5 Y3 T, 13) + I(XT Y 1Y 17, T3
< H(T{') +nH (Y{|Y3, T1, T2, Q)

Next,

I = I(M2; Y5, Y5
< H(Y3,Y5") — H(Y3", Y5'[X3)

Y By, VI — H(TP) — H(Y Y2, X3)

< nH(Ys,Y5|Q) — H(TT)

= H(Ya Y, X3, T YT
=1
=nH(Y3,Y:|Q) — H(T}) — nH(Y3|T1, T», Q)

where (a) follows by the channel conditions and the fact that
H(Y™|X3) = H(T7"). Next,

Iy = I(My; Y], T TY)
< H(I) + 1X7, X33 YT, T3)
= H(T{") + I(X7, X33 V" |17", T, Y,")
+I(X{LaX§L§YZn|T1"’T2")
< H(T}) +nCy +nH (Y, |Ty, Ts, Q)

Due to the space, we leave the rest of the proof in the full
version of this paper [10].
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