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Abstract—We characterize the total degrees of freedom (DoF)
of the two-user rank-deﬁcient interference channel with feedback,
in which transmitter i and receiver j use Mi and Nj antennas, respectively, and the rank of the channel matrix between
transmitter i and receiver j is given by Dji ≤ min(Mi , Nj )
∀i, j = 1, 2. One consequence of this result is that feedback can
increase the DoF when the number of antennas at each node
is large enough as compared to the ranks of channel matrices.
This ﬁnding is in contrast to the full-rank interference channel
where feedback provides no DoF gain. The gain comes from using
feedback to provide alternative signal paths, thereby effectively
increasing the ranks of desired channel matrices.

where there are only few signal paths between nodes. The nonfeedback DoF of rank-deﬁcient interference channel has been
studied in [8]–[10], and the optimal DoF for the two-user case
has been established in [9]. In this paper, we adopt the same
rank-deﬁcient channel model as in [9] in which the number
of transmit and receive antennas and the ranks of channel
matrices are arbitrary. We develop an achievable scheme and
also derive a matching upper bound, thus characterizing the
total DoF. In consequence of this result, we show that feedback
can increase the DoF when the number of antennas at each
node is large enough as compared to the ranks of channel
matrices. The gain comes from the fact that feedback can
provide alternative signal paths in the rank-deﬁcient channel,
and hence the ranks of desired channel matrices are effectively
increased, which cannot be possible in the full-rank channel.
The result of this paper also includes that of full-rank channels
with feedback as a special case.
The rest of this paper is organized as follows. In Section
II, we describe the channel model considered in this paper.
In Section III, we show the main results of the paper and
intuitively explain how feedback can increase DoF in the
rank-deﬁcient channel. We provide the proof of Theorem 1 in
Sections IV and V. Finally, we conclude the paper in Section
VI.
Notations: Throughout the paper, we will use A and a
to denote a matrix and a vector, respectively. Let AT and
||A|| denote the transpose and the norm of A, respectively. In
addition, let |A| and rank(A) denote the determinant and the
rank of A, respectively. The notation In denotes the n × n
identity matrix. We write f (x) = o(x) if limx→∞ f (x)
x = 0.

I. I NTRODUCTION
It is well known that feedback cannot increase the capacity of memoryless point-to-point channels [1]. Although
the capacity of multiple access channels can in fact increase
when feedback is present, the gain is bounded by one bit
for the Gaussian case [2]. These results give a pessimistic
view on feedback capacity, although feedback can still be
useful for simplifying coding strategies as well as improving
reliability [3]. Recent work [4], however, has shown that in
interference channels, feedback can provide more signiﬁcant
gains. Speciﬁcally, it is shown that the capacity gain due
to feedback becomes arbitrarily large for certain channel
parameters (unbounded gain). The gain comes from the fact
that feedback can help efﬁcient resource sharing between the
interfering users. In the process of deriving this conclusion,
[4] has characterized the feedback capacity region to within 2
bits of the two-user Gaussian interference channel.
The results of [4] indicate that feedback enables a signiﬁcant
capacity improvement of multi-user networks with interfering
links. However, if we turn our attention to degrees of freedom
(DoF), feedback fails to provide promising results. From the
results of [5], [6], it has been shown that feedback cannot
improve the total DoF for the two-user full-rank Gaussian
MIMO interference channel1 . Therefore, feedback can provide
unbounded capacity gain but cannot increase the DoF in the
full-rank channel.
In this work, we show that feedback, however, can increase
the total DoF in the rank-deﬁcient interference channel. The
rank-deﬁcient channel captures a poor scattering environment

II. S YSTEM M ODEL
Consider the rank-deﬁcient interference channel with feedback, as depicted in Fig. 1. We assume that all channel
coefﬁcients are ﬁxed and known to all nodes. Then, the input
and output relationship at time slot t is given by
yj (t) =

Hji xi (t) + zj (t),

i=1

where xi (t) is the Mi × 1 input signal vector at transmitter
i, Hji is the Nj × Mi channel matrix from transmitter i to
receiver j, and yj (t) is the Nj × 1 received signal vector

1 However,

recently it has been shown in [7] that for multihop networks,
feedback can increase DoF.
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The rank-deﬁcient interference channel with feedback.



Remark 1 (Full-rank case): For the case in which all the
channel matrices have full ranks, i.e., Dji = min(Mi , Nj )
∀i, j = 1, 2, the total DoF becomes
Γ = min{M1 + M2 , N1 + N2 , max{M1 , N2 }, max{M2 , N1 }},
which coincides with the result for the full-rank interference
channel with feedback reported in [5], [6].

Remark 2: If all the direct links have full ranks, i.e., D11 =
min(M1 , N1 ) and D22 = min(M2 , N2 ), the result recovers
the non-feedback case in [9]:

Dji

Hkji

k=1
Dji

=



-

Fig. 2. Total DoF when M1 = M2 = N1 = N2 = M and D11 = D12 =
D21 = D22 = D.

at receiver j. The noise vector zj (t) is the additive white
circularly symmetric complex Gaussian with zero mean and
covariance of INj . We assume that all of the noise vectors and
signal vectors are independent of each other.
In this paper, we adopt the rank-deﬁcient channel model
in [11], in which there are Dji ≤ min{Mi , Nj } independent
signal paths from transmitter i to receiver j. Let Hkji denote
the channel matrix corresponding to the kth signal
 path. Note
that due to the key-hole effect [11], rank Hkji = 1, ∀k =
1, 2, . . . , Dji . Thus, we assume that the matrix Hji is given
by
Hji =

1RQIHHGEDFN

Γ = min{M1 + N2 − D21 , N1 + M2 − D12 , D11 + D22 }. 
ak,j,i bTk,j,i , ∀i, j

= 1, 2,

(1)

Notice that for the above cases, feedback cannot increase
the total DoF.z

k=1

where ak,j,i and bk,j,i are Nj × 1 and Mi × 1 vectors
respectively, and their coefﬁcients are drawn from a continuous
distribution. From (1), we can see that rank(Hji ) = Dji with
probability one.
There are two independent messages W1 and W2 . At time
slot t, transmitter i sends the encoded signal xi (t), which
is a function of Wi and past output sequences yit−1 
T

yi (1) yi (2) · · · yi (t − 1)
. We assume that each
transmitter should satisfy the average power constraint P , i.e.,
E[|xi (t)|2 ] ≤ P for i ∈ {1, 2}. A rate pair (R1 , R2 ) is said to
be achievable if there exists a sequence of (2nR1 , 2nR2 , n)
codes such that the average probability of decoding error
tends to zero as the code length n goes to inﬁnity. The
capacity region C of this channel is the closure of the set
of achievable rate pairs (R1 , R2 ). The total DoF is deﬁned as
1 +R2
Γ = limP →∞ max(R1 ,R2 )∈C Rlog(P
) .

DoF gain due to feedback: Consider a symmetric case
where M1 = M2 = N1 = N2 = M and D11 = D12 =
D21 = D22 = D. We plot the total DoF as a function of M
with ﬁxed D in Fig. 2. Note that the DoF gain due to feedback
can be achieved when the ratio of the number of antennas at
each node to the rank of each channel matrix is greater than
a certain threshold. For M > 1.5D, we can achieve a higher
DoF. The gain comes from the fact that feedback can provide
alternative signal paths when the number of antennas at each
node is large enough as compared to the channel ranks.
We ﬁrst provide an intuition behind this gain through a
simple example. We will then prove Theorem 1 later in
Sections IV and V.
Example 1: Consider the case where M1 = M2 = N1 =
N2 = 2 and D11 = D22 = D12 = D21 = 1. Our achievable
scheme operates in two time slots. See Fig. 3. Let ai and bi
denote the ith symbols of users 1 and 2, respectively. At time
slot 1, transmitter 1 wants to deliver a1 and a2 to receivers 1
and 2, respectively. Note that this is feasible since the number
of antennas at each node is greater than the rank of each
channel matrix such that we can design the transmitted signal
for transmitter 1 as

III. M AIN R ESULTS
Theorem 1: For the rank-deﬁcient interference channel with
feedback, the total DoF is given by
Γ = min{M1 + N2 − D21 , M2 + N1 − D12 ,
D11 + D22 + D12 , D11 + D22 + D21 ,
min{M1 , N1 } + D22 , min{M2 , N2 } + D11 }

x1 (1) = v1,1 a1 + v1,2 a2 ,

Proof: See Sections IV and V for the proof.
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IV. P ROOF OF ACHIEVABILITY
As in Example 1, our achievable scheme operates in two
time slots. For brevity, we ﬁrst categorize beamforming vectors
for transmitter i ∈ {1, 2} into three types where the notations
α, β, and γ are used to denote the signals transmitted to the
corresponding receiver only, transmitted to the both receivers,
and transmitted to the other receiver only, respectively.
α
• vi,k denotes the kth beamforming vector for transmitter
α
α
i such that Hji vi,k
= 0 and Hii vi,k
= 0, where
i = j. Note that since rank(Hji ) = Dji , the maximum
number of beamforming vectors satisfying this condition
is Mi − Dji . Let dα
i denote the number of these vectors
of transmitter i.
β
• vi,k denotes the kth beamforming vector for transmitter
i whose coefﬁcients are drawn from a continuous distriβ
bution and 0 < ||vi,k
|| ≤ A, where A is a ﬁnite value.
β
β
= 0 with probability
Hence, Hii vi,k = 0 and Hji vi,k
β
one. Let di denote the number of these vectors of
transmitter i.
γ
• vi,k denotes the kth beamforming vector for transmitter
γ
γ
i such that Hii vi,k
= 0 and Hji vi,k
= 0. Note that since
rank(Hii ) = Dii , the maximum number of beamforming
vectors satisfying this condition is Mi − Dii . Let dγi
denote the number of these vectors of transmitter i.
Now we explain the proposed scheme. Let ai and bi denote
the ith symbols of users 1 and 2, respectively. In addition, let
δ
sδi (1) denote the symbols of user i conveyed by vi,k
at time
slot 1, where δ ∈ {α, β, γ}. Speciﬁcally, the symbols of user
1 are categorized as

T
a1 a2 · · · adα1
sα
1 (1) =
T

sβ1 (1) = adα1 +1 adα1 +2 · · · adα1 +dβ1
T

sγ1 (1) = adα1 +dβ1 +1 adα1 +dβ1 +2 · · · adα1 +dβ1 +dγ1
.

A

B
B
T 

Fig. 3. Achievability in Example 1. The beamforming vectors represented
by solid and dashed lines denote the signals transmitted to receivers 1 and 2,
respectively.

where H21 v1,1 = H11 v1,2 = 0. Similarly, transmitter 2 can
forward b2 and b1 to receivers 1 and 2, respectively. Then,
since channels are generic as (1), the received signals at each
receiver are linearly independent of each other with probability
one. Therefore, receiver 1 can decode a1 and transmitter 1 can
know b2 with feedback. Similarly, receiver 2 and transmitter
2 can decode b1 and a2 , respectively. Now, at the next time
slot, the idea is to send the other user’s symbol on top of a
new symbol. Receiver 1 can then decode (a2 , a3 ) and receiver
2 can decode (b2 , b3 ), as shown in Fig. 3. As a result, six
symbols can be transmitted over two time slots, thus Γ ≥ 3 is
achievable. Note that the total DoF becomes two when there
is no feedback.
Remark 3: From Example 1, we can see that feedback
can create new signal paths (e.g., for a2 , transmitter 1 →
receiver 2 → feedback → transmitter 2 → receiver 1), which
cannot exist in the non-feedback case. When the number of
antennas at each node is large enough as compared to the
ranks of channel matrices, the dimension of signal space at
each node becomes sufﬁciently large such that some signals
can be transmitted through these new signal paths, thus
increasing the ranks of effective desired channel matrices.
For instance, the effective desired channel matrix for user
1 at time slot 2 is given by He11 = H11 + H12 , where
rank(He11 ) = 2. However, when all the direct links have
full ranks, feedback cannot increase the total DoF since we
cannot increase the ranks of direct links further and cannot
create such alternative signal paths. Note that the role of
feedback here is similar to that of relays in [12], which shows
that using multiple relays can create alternative signal paths,
thus increasing the total DoF in the rank-deﬁcient interference
channel.


Similarly, the symbols of user 2 are categorized as

T
b1 b2 · · · bdα2
sα
2 (1) =

T
sβ2 (1) = bdα2 +1 bdα2 +2 · · · bdα2 +dβ2
T

sγ2 (1) = bdα2 +dβ2 +1 bdα2 +dβ2 +2 · · · bdα2 +dβ2 +dγ2
.
At the ﬁrst time slot, we design the transmitted signal for
transmitter i ∈ {1, 2} as
⎤
⎡ α
si (1)
 α

xi (1) = Vi Viβ Viγ ⎣ sβi (1) ⎦
sγi (1)
β β
γ γ
= Viα sα
i (1) + Vi si (1) + Vi si (1),

where
Viα =

Remark 4: The main idea of this paper can be extended to
general K-user cases. However, a signiﬁcant distinction is that
for K ≥ 3, feedback also enables interference alignment to
utilize the dimension of received signals more efﬁciently. For
details, refer to the full-version of this paper [13].


Viβ =
Viγ

38

=





α
vi,1

···
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i

···

β
i,dα
i +di +1
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β
i,dα
i +di

···

vγ
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i +di +di


.

2013 IEEE International Symposium on Information Theory

symbols sβj (1) and sγj (1) after receiving feedback signal yi (1).
Among these symbols, transmitter i sends only sγj (1) for
receiver j at the next time slot since symbols of sβj (1) were
already decoded by receiver j at the ﬁrst time slot. Thus,
at the second time slot, we design the transmitted signal for
transmitter i ∈ {1, 2} as

Here, transmitters send their symbols with independent
Gaussian signaling, i.e.,
⎤
⎡ α

si (1)
P
si (1) = ⎣ sβi (1) ⎦ ∼ CN 0d , Id
d
sγi (1)
β
γ
β
γ
α
where d = dα
i + di + di , and Vi , Vi , and Vi are properly
scaled to satisfy the power constraint P . Then the received
signal at receiver i ∈ {1, 2} is given by

β β
γ γ
xi (2) = Viα sα
i (2) + Vi si (2) + Vi sj (1),

where

yi (1) = Hii xi (1) + Hij xj (1) + zi (1)

sα
1 (2) =

β β
= Hii Viα sα
i (1) + Hii Vi si (1)

+

Hij Vjβ sβj (1)

+

Hij Vjγ sγj (1)

+ zi (1).

sβ1 (2) =

(2)

sα
2 (2) =

In the proposed scheme, we want to enable receiver i to
β
decode its desired symbols sα
i (1) and si (1). In addition, we
also want to make transmitter i be able to know the other
user’s symbols sβj (1) and sγj (1) after its corresponding receiver
feeds back the received signal. To achieve these, we choose
β
γ
γ
α β
dα
1 , d1 , d1 , d2 , d2 , and d2 to satisfy the following conditions.
dγ1 = dγ2  df

(3)

0 ≤ dα
1 ≤ M1 − D21
0 ≤ dα
2 ≤ M2 − D12
0 ≤ df ≤ min{M1 − D11 , M2 − D22 }

(4)
(5)
(6)

β
0 ≤ dα
1 + d1 ≤ D11

(7)

0≤
0≤
0≤
0≤
0≤

dα
2
dβ1
dβ2
dβ1
dβ2

+

dβ2
f

≤ D22

(8)

+ d ≤ D21

(9)

+ d ≤ D12
f

+d +
f

+ df +

dα
2
dα
1

+
+

sβ2 (2)

≤ N2

(11)

≤ N1

(12)

= dα
i +

+

dβj




1

1

1

a2dα +dβ +dγ +1
1

1

1

bdα +dβ +dγ +1
2

2

2

b2dα +dβ +dγ +1
2

2

2

···
···
···
···

T

a2dα +dβ +dγ
1

1

1

a2dα +2dβ +dγ
1
1
1
T

b2dα +dβ +dγ
2

2

2

b2dα +2dβ +dγ
2

2

T

T

2

.

yi (2) = Hii xi (2) + Hij xj (2) + zi (2)
β β
= Hii Viα sα
i (2) + Hii Vi si (2)

+ Hij Vjβ sβj (2) + Hij Vjγ sγi (1) + zi (2).
Then, using the same argument as above, we can see that
β
γ
receiver i can decode all the symbols sα
i (2), si (2), and si (1).
In summary, during two time slots, receivers 1 and 2
β
γ
β
γ
α
can decode 2dα
1 + 2d1 + d1 and 2d2 + 2d2 + d2 symbols,
respectively. Therefore, the achievable total DoF is given by
dγ1 + dγ2
2
β
β
α
+
d
+
d
+
d
+
d
.
=dα
f
1
2
1
2

β
β
α
Γ ≥dα
1 + d1 + d2 + d2 +

α
Here, the conditions (4)-(6) are due to the properties of vi,k
γ
and vi,k ; (7)-(10) are due to the fact that the number of
symbols transmitted through a channel is constrained by the
rank of the channel matrix; (11)-(12) are due to the fact that
the number of received symbols at a receiver should be less
than or equal to the number of antennas at the receiver. Note
that if the above conditions are satisﬁed, we have


rank
Hii [Viα Viβ ] Hij [Vjβ Vjγ ]

dβi



adα +dβ +dγ +1

β
Here, sα
i (2) and si (2) are new symbols of user i transmitted
at the second time slot. As a result, the received signal at
receiver i ∈ {1, 2} is given by

(10)
dβ2
dβ1

=



Finally, by evaluating the conditions (3)-(12) using the
Fourier-Motzkin elimination, we can obtain the desired bound:
Γ ≥ min{M1 + N2 − D21 , M2 + N1 − D12 ,
D11 + D22 + D12 , D11 + D22 + D21 ,
min{M1 , N1 } + D22 , min{M2 , N2 } + D11 }.
Remark 5: The achievable total DoF can also be established
in an alternative way. One implicit strategy is to employ
Lemma 1 in [4]. We can achieve the same DoF by setting
Xi = Uif +Ui +Xip where Uif = Viγ sγi (1), U = (U1f , U2f ),
Ui = Viβ sβi (1), and Xip = Viα sα

i (1), ∀i = 1, 2.

+ df .

with probability
one ∀i = 1,2 and i = j. This is due to the

facts that Viα Viβ Viγ is a full-rank matrix ∀i = 1, 2
and channel matrices are generic so that Hii and Hij are
β
random linear transformations. In addition, since dα
i + di ≤
β
Dii and dj + df ≤ min{D12 , D21 }, linear independence of
signals is also preserved. Thus, we can see that by observing
yi (1) in (2), receiver i and transmitter i can obtain the desired
results by zero-forcing. Consequently, at time slot 1, receivers
β
β
α
1 and 2 can decode dα
1 +d1 and d2 +d2 symbols, respectively.
Now we consider the proposed scheme in the second time
slot. Recall that transmitter i can know the other user’s

V. P ROOF OF C ONVERSE
The proof is a direct extension of that in the two-user SISO
interference channel with feedback [4]. Hence, we focus on
explaining the steps needed for rank-deﬁcient channels.
Starting with Fano’s inequality, we get:
n(R1 + R2 − n ) ≤ I(W1 ; y1n ) + I(W2 ; y2n )
≤ I(W1 ; y1n , sn1 , W2 ) + I(W2 ; y2n )
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where s1 (t) = H21 x1 (t)+z2 (t) as in [4]. Hence, by following
the same steps in [4], we have
R1 + R2 ≤ h(y2 ) + h(y1 |s1 , x2 ) − h(z1 ) − h(z2 ).
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(13)

Now we evaluate the inequality (13) with respect to the
number of antennas at each node and the rank of each channel
matrix. From (13), we have
R1 + R2 ≤ h(y2 ) + h(y1 |s1 , x2 ) − h(z1 ) − h(z2 )
≤ h(y2 ) + h(H11 x1 + z1 |s1 ) − h(z1 ) − h(z2 ).
Notice that



h(y2 ) − h(z2 ) ≤ log KyG2 




 G
K(H11 x1 +z1 ,s1 ) 


,
h(H11 x1 + z1 |s1 ) − h(z1 ) ≤ log
KsG 
1

KxG

denotes the covariance matrix of a Gaussian
where
random vector x [3], [14]. Straightforward computation gives


log KyG2  ≤ min{N2 , D22 + D21 } log P + o(log P )


 G

K(H11 x1 +z1 ,s1 ) 


log
≤ min{M1 − D21 , D11 } log P
KsG 
1

+ o(log P ).
Therefore, we have
Γ ≤ min{N2 , D22 + D21 } + min{M1 − D21 , D11 }
= min{N2 + M1 − D21 , N2 + D11 ,
M1 + D22 , D22 + D21 + D11 }.

(14)

By symmetry, we can also get the following upper bound:
Γ ≤ min{N1 + M2 − D12 , N1 + D22 ,
M2 + D11 , D11 + D12 + D22 }.

(15)

Combining (14) and (15), we can obtain the desired bound:
Γ ≤ min{M1 + N2 − D21 , M2 + N1 − D12 ,
D11 + D22 + D12 , D11 + D22 + D21 ,
min{M1 , N1 } + D22 , min{M2 , N2 } + D11 }.
VI. C ONCLUSION
In this paper, we have characterized the total degrees of
freedom (DoF) of the two-user rank-deﬁcient interference
channel with feedback, by developing an achievable scheme
and deriving a matching upper bound. One interesting consequence of this result is that feedback can indeed increase the
DoF in contrast to the full-rank case. The gain comes from the
fact that feedback can provide alternative signal paths when the
number of antennas at each node is large enough as compared
to the channel ranks, thus increasing the ranks of effective
desired channel matrices.
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