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Abstract— This paper deals with carrier frequency estimation for
tr issions with diversity. A joint maximum likelihood es-
timates (MLEs) of channel and frequency offset are derived and peri-
odic space-time training sequences that can simplify the implementa-
tion of the ML frequency estimate, while mlmmlzmg the mean square
error (MSE) of the estimate are designed. Stati; | analysis indicates
that the MLE is unbiased and almost achieves the Cramér-Rao bound
(CRB). Simulation shows that MLE with optimal training sequences
is preferable to one with arbitrary training sequences in mobile com-
munications.

1. INTRODUCTION

The stability requirements of recent communication sys-
tems on the carrier frequency offset between the oscillators
of the transmitter and the receiver are stringent. It is re-
quired, for example, that the frequency offset between the
carrier frequencies of a base station and a receiver is within
0.1 PPM in the 3rd generation partnership project (3GPP)
recommendations for 3G wireless communication systems
[1]. One way to relieve this need is to recover the carrier
frequency at a receiver via digital signal processing

Various techniques have been proposed for carrier fre-
quency recovery [2], [3]. Among these, data-aided tech-
niques [4]-[10] using a training sequence (TS) are widely
used because they can attain a good performance with short
TSs. Most of the techniques proposed so far consider the
transmission with a single antenna over such channels as
additive white Gaussian noise (AWGN) [41-[5], flat fading
[6], [7], or frequency-selective fading channels [8]-{10]. In
[10], it was observed that the estimators in [8]-[10] can be
directly applied to frequency estimation of a system with
transmitter antenna diversity when each transmission path
experiences flat fading. When channels associated with
multiple transmitter antennas are frequency-selective, these

estimators should be properly modified. This paper deals
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with such modification. In particular, we derive joint ML
channel and frequency offset estimators by extending the
results in {9). Two types of MLEs are developed: an MLE
is derived first for an arbitrary TS, and then the result is
modified for a periodic TS. The properties of these MLEs
are analyzed, and a class of periodic TSs that can minimize
the MSE of the MLE is classified.

1. COMMUNICATION SYSTEM MODEL

The baseband system considered in this paper is shown
in Fig. 1. Here p(t) is the baseband pulse shape, c¢;(t) is
the channel impulse response, n(t) is AWGN, 4 is the initial
random phase and A f represents the carrier frequency off-
set. The system has I" transmitter antennas and one receiver
antenna. It is assumed that a linear modulation (e.g. PSK
or QAM) is employed. The output of the space-time (ST)
coder at time k is given by

Lk, N)
s Q(k-n,zv)
de,ny = . ¢y
d(k+N-1,N)
1 2 r
where dyy iy vy = [dug-ndug—v : d}cﬁ, 1] and

df:’ denotes the output of the i-th antenna at time k. The
receiver filter output sampled at t = £T, (T; denotes the
symbol duration) is

= /(27 DTKT,+6) (Z g(l)d(l) -+ Z g(T)d(F))

=0 =0
+m (2)

where g( ) is the impulse response of the equivalent channel
from the i-th transmitter antenna to the receiver antenna at
time & due to an impulse that is applied ! time units earlier.
1t describes both p(t) and ¢;(t) in the discrete time domain,
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Fig. 1. Baseband system model.

and its duration is L. 7, is a zero-mean Gaussian noise with
variance o 2.

Suppose that a training sequence of length N, {z,] 0 <
n < N — 1} with N > LT, is inputted to the ST encoder.
Then the encoder produces d (g, ), which will be referred
to as the training matrix. To compensate for the effect of
multipath fading, it is necessary to start transmission at time
~L+1: for—-L+1< k< -1,last L ~ 1 columns of
d,n) are transmitted successively, i.e., diqn N) is sent
at time k. Under the assumption that the channel is time-
invariant over the training period, i.e., g ,(52 ( ,—L+1<
k < N — 1, the received signal {rq,7y," - rN 1} can be
written in vector form as

r=0@)Dneg+n 3)

where r = [ro,r1,- -+ ,rn-1]T, 0 = [0, 7,0 sav-1)T,
O(v) = diagll,e/2™ ... | 2*(N-1)] and g is an LT di-
mensional vector defined as g = [gél) g((,2) R g“‘) s g(l)

¢, gg)l]T. v = AfT, denotes the normalized fre-
quency offset and Dy is an N-by-LI' dimensional ma-

. L—

tn-x defined as Dy = [d(O,N)vd%o,N) ... ,d(o,},)], where
dpy, ) is the matrix formed by the i-th cyclic shift of the
rows in d(o,ny, i.e., dfg vy = [din =iy ,dav-uv),

T T
dio.ny " 1 v—ic1,my)"-

III. ML FREQUENCY OFFSET ESTIMATION
A. Derivation of Joint ML estimator

Given g and v, the conditional joint probability densny
function A of r is given by

Atrlg ) = prosy exp{ - 5 lir - €D}
n 7
@
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and the joint ML estimation of g and v can be found by
maximizing the right-hand side of (4). This is equivalent to
minimizing

lIr — ©(v)Dyeglf*. Q)

Suppose v is fixed. Then the problem is reduced to the clas-
sical least squares minimization problem whose solution is,
under the assumption that the columns of D » are linearly
independent,

g(v) = (DFDN)'DRO) r (©)

where H denotes the Hermitian transpose. Using (6) in (5),
lIr — ©(»)Dwgll’=|ir — ©(v)BO () r||*=||r]|* -
1©(»)BO(»)"r||? where

B =Dy(Df{Dy)"'Df. Q)

B is the orthogonal projection matrix onto the column space
of Dy. After removing the terms irrelevant to the estima-
tion, minimizing (5) is equivalent to maximizing

h(v) = ¥ O@)BO®W) r. 8)
The ML estimator for v is represented as
U= argmax h(v). ®

We call this estimator the MLE/. This estimate can be ob-
tained by exhaustively searching the frequency range |v| <
0.5, which is the acquisition range of the MLE1. Following
{91, (9) is rewritten as

BN-1
¥ = max { —p(0) + 2'Re{ 3 p(m)e‘jz”"“’}} 10

m=0

where Re{-} represents the real part and p(m) is the
weighted correlation of the received samples, defined as

Ek=m+1 B(k—m,k)rerh_,,, 0SmS N -1
otherwise.
(an
In (11), B(k, 1) is the (k,{)th entry of an N-by-N matrix B.
The term in the bracket of (10) can be efficiently computed
by using the fast Fourier transform (FFT) and computational
load for evaluating MLE] can be reduced. The estimator in
(9) and (10) is a direct extension of the one in [9]: when
T = 1, the former reduces to the latter.
For joint estimation of the channel and frequency offset,
(10) should be evaluated prior to (6). Any TSs can be em-
ployed for the estimates, as long as DX Dy is nonsingular.

p(m) ={
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B. Mean and MSE of MLEI

Under the assumption of high signal-to-noise ratio
(SNR), the mean and the MSE of MLE1 can be approxi-
mated as follows [3, pp. 343-344]:

E[p'(v)]

t 2
(o~ v)’le] ~ ~ eI (13)

where /' and b denote the first and the second derivative
of k(v) in (8). By repeating almost verbatim the argument
in [9]

Efpjgl ~ v. 14
2 %

E[(y —v R mr—ree—— 15
-8~ sy 09
where y = 2rMDyg with M = diagf0,1,...,N - 1].
(14) shows that the MLE] is nearly unbiased. Under the
assumption that the bias can be neglected, the CRB for the
estimate in MLE] can be derived again by repeating almost
verbatim the argument in [9] and using the conditional den-

sity function in (4). The CRB (called CRB/) is given by

%
CRB] = ——e———, 16
7y ~B)y (16
Since (15) coincides with (16), the MSE of MLEI] is close
to the CRB.

IV. ML FREQUENCY OFFSET ESTIMATION FOR
PERIODIC TSs

A. Derivation of MLE2

Suppose that a TS of length IV consists of P identical
subsequences of length K (K > LI'): the TS is periodic
and N = K P. In this case, the matrix D 5 can be written
as follows.

Dy = [Dk,DE,--- , DT a7
where the K-by-LI" dimensional matrix D g is given by
L—
Dy = [d(o,x),d{o, )5 o)) (18)

Here d(g k) and df, k) are the matrices defined in (1) and
(3), respectively. When K = LT, the matrix B in (7) is
simplified as shown below.

Property 1. If K = LT, then the orthogonal projection
- matrix B in (7) becomes:

k Ik - Ik
B—l Ik Ix -+ Ik 9
=Pl o (19
Ik Ix - Ik

0-7803-7484-3/02/$17.00 ©2002 IEEE.

TABLE L

COMPUTATIONAL LOAD.
MLEI real products 2N(2N+2+Splog, AN)
real additions N(3N+1+38ulog, SN)
"MLE2 _real products AN(NHK+8plog ( BN/K)VK
real additions | N(2N+2K-2+35ulog,(6N/K))/K)

This is derived by using (17) in (7). When B is given by
(19), MLE1 in (10) becomes_

BP~1
7 = max {_g(o) +2Re { > g(m)eszm;}} 20)

m=0

where

1 N *
—§ Flhemkt1 T iemk, 0EM <P -1,
Sm) { 0, otherwise.
21

The acquisition range of this estimator, which will be re-
ferred to as MLE2, is [v] < 1/(2K). Notice that P correla-
tions {{(m)} are needed in (20), whereas N (=K P) corre-
lations {p(m)} are in (10) and that FFT is performed over
BP points in (20), whereas SN points in (10). Therefore,
the computational complexity for implementing MLEL1 is
reduced approximately by a factor of 1/K (see Table I,
p=1-(log, 8+ 2/8 — 2)/log 2(AN)).

B. Mean and MSE of MLE2

MLE?2 is unbiased like MLE1, because the result in (14)
holds for any TSs for which D¥ Dy is nonsingular. The
MSE of MLE?2 can be computed from (15). After some cal-
culation (see Appendix A), the MSE is expressed as follows.

3Po?
2m2N2(P? — 1)gH D4 Dkg’

As in MLE], (22) is identical to the CRB (called CRB2) of
MLE2.

E[(5 - v)’lg] ~

22)

C. Training matrix Design

In this subsection, we classify a class of TS matrices that
minimize the MSE E[(? — v)?], under the assumption that
the channel g is complex Gaussian.

Property 2. The MSE of MLE2, E[(# — ~)?], is mini-

-mized if D i satisfies

DDk = Kig. 23)

The proof of this property is rather long and omitted due
to page length limitation. Generation of a training matrix
dyo,k) satisfying (23) is addressed in the following proper-
ties.
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TRAINING MATRICES THAT MINIMIZE THE MSE oF MLE2.

Property 3. When the channel is flat fading (L = 1),
(23) is satisfied if and only if 1/ VK d g k) is unitary.

This is a direct consequence of the fact that D x = do,x)
and d(o x) is a K-by-K square matrix when L = 1. For
flat fading channels, well-known unitary matrices such as
Hadamard matrix can be employed as 1/ VK do,x), to
yield the minimum MSE. In addition, Alamouti’s 2-by-2
ST code [11) and circulant matrices whose first column
is a constant-amplitude zero autocorrelation (CAZAC) se-
quence [3] of length K are also unitary; therefore, they can
also be employed.

Property 4. When the channel is frequency-selective fad-
ing (L > 2), a training matrix d (g k) expressed as

dio.x) = [efg, ), e8I (24

satisfies (23), where cﬁg) is a CAZAC sequence and cﬁ?
denotes i-th cyclic shift of the column vector ¢ 2.

Outline of the proof of this property is as follows. For
d(o, k) given by (24), each cﬁ}'), 1 <i < K — 1, appears
exactly once in the columns of D g in (18). The orthogo-
nality of the cyclic shifts of a CAZAC sequence implies that
Property 2 is satisfied.

Table II shows some examples of the training matrix
when L =1,2,4.

V. APPLICATION TO THE FREQUENCY SELECTIVE
FADING CHANNELS

The performances of MLE1 and MLE2 were assessed by
applying them to a Rayleigh fading channel. For the simu-
lation, the system model depicted in Fig. 2 was used. The
number of training symbols N was 16, and the number of

0-7803-7484-3/02/$17.00 ©2002 IEEE.
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antenna I’ was 2. A raised-cosine filter with a rolloff of 0.5
was used for pulse shaping. For MLE1, a CAZAC sequence
of length 16 was employed; the training matrix was

d(0,16)=[(17 1,1, 17j7 -1, '_jy 1,-1,1,-1,1, _j> -1)j7 l)T
(_1$ 17 —17 11 —ja —11j1 17 17 17 1) 17j? _17 —j71)T]'

For MLE2, K = 8 and the training matrix d (o k) was
the one associated with (K,T') = (8,2) in Table II; d (o )
successively transmitted twice. The channel response g,(:z in
(2), i = 1,2, was obtained independently by extending the
time-invariant channel in [9]. Specifically, g,(:},z' =1,2,is
given by

5
9= &k)P(Ts — 75— to),—c0 < U< 00 (25)
Jj=0

where {£;(k)} and {r;} are the attenuation and delays of
the paths, respectively, and ¢ is the timing phase, which
was selected as equal to |L/2|T—thereby guaranteeing
that {g,(:jlo < 1 < L — 1} encompassed the L most sig-
nificant channel elements. The normalized delays {7;/T;}
were set at { 0, 0.054, 0.135, 0.432, 0.621, 1.351}. For
a given j, {{;(k)] — o0 < k < oo} was a zero-mean
complex Gaussian random process where the power spec-
tral density (PSD) was bandlimited to a range + f p, where
fp was the maximum Doppler shift. For different paths,
{&;(k)|0 < j < 5} were statistically independent and their
variances were equal to { -3, 0, -2, -6, -8, -10 } (in decibels).
{¢&;(k)} for the j-th path were generated by passing a com-
plex Gaussian white noise through a baseband Doppler fil-
ter in [10]. After obtaining the time-varying chananel {g ,(C'z }
i = 1,2, MLEI and MLE2 were implemented as follows.
For MLEI, L is upper bounded by N/T'. L was set at
8 for this estimator, because {g,(,filo < 1l £ 7} encom-
passed all significant channel elements, as observed in [9]
for the corresponding time-invariant channel. For MLE2,
L < KJT, and L < 4. Therefore, MLE2 should as-
sume a channel with a duration of less than or equal to 4.

- For MLE1 and MLE2, the parameter £ in (10) and (20)

was fixed at 8. The normalized maximum Doppler shift
fpTs = 7.0 x 10~3 in Fig. 3(a), and fpT, = 1.5 x 10~2

etz N channel 1
esning r e (I)‘}_l

sequence |space-time
coder BLY

(")c(Z) el(l;)
ez mllg "l jemsatse n

Fig. 2. System model used for simulation.
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Fig. 3. Performance comparison for frequency-selective fading channel
(E3/No=15dB). (a) [pTs = 7.0 x 10~3 (b) fpTs = 1.5 x 10~2.

in Fig. 3(b), and E, /Ny is fixed to 15 dB. The normalized
carrier frequency offset v varies from 0 to 0.04. In the simu-
lation, the MSE values were empirically estimated through
5,000 trials. The results are shown in Fig. 3. MLE2 that
employs an optimal training matrix outperformed MLEI
whose training matrix was not optimally designed. The
performances of the estimators were invariant in the range
|v| < 0.04, which was the acquisition range of MLE2.

VI. CONCLUSION

Two types of joint ML channel and frequency offset es-
timates called MLE1 and MLE2, were derived for a system
with transmitter diversity. MLE1 was developed for an arbi-
trary TS and MLE2 was derived for a periodic TS. The per-
formance of these estimators were analyzed. In addition, for
MLE?2 a class of training matrices that minimize the MSE
was classified. Simulation results indicated that MLE2 with
an optimal training matrix can outperform MLE1. Deriva-
tion of optimal training matrices for MLE] remains as fur-
ther work.

APPENDIX
A. Derivation of the MSE of MLE2

(15) can be rewritten as

2

a,

THTH 2 . (AD
g DNM(IN—B)MDNg

El(o - v)le] ~ 5

Our objective is to show that DEM(Ix — B)MDy =
N?(P? —1)/(12P)D¥Dg. Define M; = diag[iK,iK +
1,--+ iK+K-1], then M = diag[Mp, M,,--- ,Mp_,].
Afier a direct calculation using the block structure of the

0-7803-7484-3/02/$17.00 ©2002 IEEE.
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matrices M(Iny — B)M becomes:

(P-1)M] -MoM, —MoMp_,
1 “"‘MlMo (P - 1)M% —M;{Mp_l
P : : :
-Mp_1My -Mp_iM; (P-1)M3_,
(A2)

This implies that M(Iy — B)M = D¥ADg where
A = (T8 MR-+ 05 £L5 MM Now itis
enough to show that A = N?(P2 —1)/(12P)Ix. Since A
is already diagonal, the mth diagonal term of A is

P-1 P-1P-1
2
S (kK +m)* - B > (kK +m)(LK +m)
k=0 k=0 (=0 .
= N?(P? —1)/(12P). (A3)
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