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Abstroct-The time-domain channel estimator is compared 
with the frequency-domain channel estimator when multiple- 
isput-multiple-output (MlhlO) orthogonal frequency division 
multiplexing (OFDM) is employed. The time-domain maximum 
likelihood channel estimation (TMLE) and its mean square error 
(RISE) are derived assuming the knowledge of the maximum 
channel length. If we use only one OFDM symbol for the 
estimation, the preamble sequence of each transmit antenna uses 
a different set of subcarriers in MIMO-OFDM systems. As a 
result, the MSE of the frequency-domain least square channel 
estimation (FLSE) is derived assuming that linear interpolation 
is employed. Numerical results slioiv that the MSE of TMLE is 
smaller than that of FLSE and that t h e  performance difference 
incresses as the number of transmit antenna increases. 

I .  I N ' IKOUU(I '1ON 

Oithogonal frequency division multiplexing (OFDM) sys- 
tenis liave been applied to wireless communications, such as 
wireless local area network (LAN) [l] ,  due to their robustness 
to  multipath fading and the high bandwidth efficiency. On the 
other hand. the use of multiple antennas at both transmitter 
and receiver enliances the channel capacity o f  the wireless 
system significantly [2]; [3]. To exploit this capacity, the Bell 
Lab. layered space time (BLAST) architecture was proposed 
i n  [4]. Altematively, the space time code (STC) was used as a 
iicthod to achicvc the capacity limit by utilizing coding and 

ity gains [ 5 ] .  Multiple transmit and receive antcnnas arc 
combined with OFDM to iniprovc the capacity and reliability 
of  communications [ h ] .  When MiMO-OFDM systems are 
iniplcnientcd i n  conjunction with cither BLAST or STC, the 
cl i i i i i i iel  w t e  information i s  required for proper decoding. 
Thus. the channel estimation becomes more iniponant as thc 
tiumber of antennas increases. 

111 sin_rle-input-single-output (SISO) OFDM systems, the 
frequency-doniain least square channel estimator (FLSE) is 
generally used for thc preamble-based channel estimation. 
Although the complexity of FLSE is small, the mean square 
crror (MSE) of the estimation is rclativcly high [7]. In ordcr 
to I-cduce thc MSE. the time-domain ML channel estimator 
(TMLE) is considered in [ X I  for SISO-OFDM systems. The 
iniininiuni mean square error (MMSE) channel estimation in 
the eequency domain is considered in [9], which requires the 
chinmiel statistics such as power and the probability distribution 

o f  the channel coefficients. 
Provided that only one OFDM symbol is used for cstimating 

the channel as is assumed in 802.16 system [IO];  then. the 
preamble sequence of each transmit antenna uses a different 
set of subcarricrs in MIMO-OFDM systems. For FLSE. the 
estimated channel coefficients are interpolated to obtain the 
channel estimates of the subcarriers where the preamble is 
not located. However. the interpolation error may drastically 
magnify the MSE of FLSE i n  frequency selectivc channcls. 
which OFDM systems generally assume [ I ] ,  [ I O ] .  Thus_ wc 
derive the MSE of FLSE in the presence of interpolation, 
and show that the MSE of FLSE increases significantly i n  
frequency selective channels. I n  ordcr to avoid the interpoia- 
tioii error. the time-domain channel estimation is considered 
as an alternative method. The MSE of T M L E  i s  derived 
assuming the knowledge of  the maximum channel length. The 
comparison between the TMLE and the FLSE shows that the 
MSE of  TMLE is significantly smaller than that o f  FLSE in 
frequency selective channels. 

II. S I G N A L  MODEI  
MIMO-OFDM systems considered in this paper are shown 

in Fig. 1. At each transmit antenna, the data is modulated 

Fig. I .  Block Diagram of MIMO-OFDM System 
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by inverse fast Fourier transform (IFFT) and a cyclic prefix 
( C P )  with Icngth v is added. To avoid intersymbol interference 
(151). U > L - 1. where L is the maximum length of each 
cliannel. The system has NT transmit antennas and NR receive 
;intennas. We assume frequency selective channels, which 
ireniilin unchanged during at least one OFDM symbol. 

Provided the preamble sequence { X k }  for tt'L transmit 
anteiina i n  thc frequency domain, the preamble sequence is 
allocdtcd at subcarrier 8. whcrc the subcarrier index k is the 
clement of the position set pi. In other words, the position 
sei p' of thc t"' ti-ansmit antenna indicates the location of 
the preaniblc scquence. Given NT transmit antennas, the time- 
domain trdiisiiiit signal at the t(." traiisinit antenna is expressed 
a x  

nonzero k E pi 
otherwise xg = 

Thc index 1: denotes the k'" subcarrier. 
Given NR receive antcnnas, the time-domain received signal 

at the I.'" receive antenna after removing the CP is given by 
"I L-1 

\vhcrc /I{" is the channel parameter between the t"' transmit 
antenna and the .I.''' receive antenna. The indices n and 1 
ilidicdtc time and channel, respectively. N is the preamble 
Icngth and equal to the IFFT size because we assume that the 
cstimiltion duration is one OFDM symbol. z; is assumed to 
hc additive whitc Gaussian noise (AWGN). 1,ix - l l ~  indicates 
",, - / modulo N." 

Eq. (2)  can be written in matrix fomi as 

y = x h + z  (3) 
whcre y = [yo y' . . . yNJf-'], y' = [y; 2; . . . y;-l]T 
and the superscript [.IT indicates transpose. x is a N x LNT 
matrix 

1 

T where h" = [ /$  /L? . . . /I" L-l] ~ Finally, z = 

[zll z L  . . . zJvr,-l] and z r  ~ [ - r  A. _r  , , . AN-l]  -r IS . a zero- 
iiicaii white Gaussian vcctoi- with covariance matrix C,, = 
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E {z 'z ' " }  = O ~ I N  where I N  is thc N x A' identity matrix 
and the superscript [ . I H  indicates Hermitian transpose. 

In the frequency domain, the received signal at the r L h  
receive antenna is represented as follows: 

where Y" = [Y; Yp . . .  Y;,-,]' , X' = 

d i a g ( X & X : ; . -  , X L - J  and Z' = [Z i  2: . . . Z;;-,]". 
H" = [HF HF . . . HK-, ] is the frequency-domain 
channel between the t th  transmit antenna and the T~~ receive 
antenna. The relation between ht' and Hi' is given by 

?' 

where [ W L ] ~ , ~  = exp (-3v) ~ (?V x L )  

111. T I M E - D O M A I N  ML ESTIMATOR 

In this section, the TMLE is derived for MIMO-OFDM sys- 
tems. The MSE of TMLE is also derived as the performance 
measure. Since the channel equalization is performed in the 
frequency domain, the MSE of  TMLE is converted into that 
of the frequency-domain channel. In addition. the prcamble 
condition that minimizes the MSE is obtained. 

Given h, the Conditional probability density function is 
given by 

where Tr{ .}  denotes the trace of a square matrix. The ML 
estimation of h can be found by maximizing Eq. (8). This is 
equivalent to minimizing the log likelihood function: 

Since AL (ylh) is a convex function over h, the estimation can 
be obtained by searching h to satisfy the following condition 

This condition implies that the time-domain ML estimate is 
given by 

h = (X"X)-lX"y, (TMLE). ( 1 1 )  

For x with dimension N x LNT, rank(x) = rank(xHx)  5 
min(N,  LNT) .  If N < LIVT, the inverse of LNT x LiWr 
square matrix xHx cannot exist because rank(xHx)  5 N < 
LNT. The necessary and sufficient condition to have a unique 
channel estimate (i.e., xHx is nonsingular) is iV 2 LN,. 
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IFroni Eq .  (3) and Eq. ( 1 1 ) .  thc MSE of TMLE ovcr the 
rimc-domain cliaiincl is given by 

Using Eq. (7) and Eq. (121, the MSE of TMLE over the 
h-eqiiency-domain channel is given by 

(13) 

In [XI. the optimum prcamble condition was derived for the 
TMLE i n  SlSO systems. Similarly. in MIMO-OFDM systems. 
tlic optimum preamble condition to minimize the MSE Eq. 
( 1 2 )  or Eq. (13) is 

i f  the s u m  of power of the preamble sequence in each 
traiisiiiit antcnna is constant (e.g.. E&' = IV/~J., .  t E 
{U. I . .  . . , I\:,,- - 1)). The.preamble condition Eq. (14) is the 
cxtcnsioii of the preaniblc condition in [XI for SlSO systems. 
Eniployiiis tlic optimuni preamblc condition Eq. (14), the MSE 
o i ' ~ i M L E  is given by 

As the number of transmit antenna increases, both 
Y I S E ~ ~ . l l l , E  and h,lSE~fTLILE increasc because total transmit 
power is assumed to be the sanie regardless of the number 
o t  tlic transniit antenna. Note that A4SEz!rh,,,E is L times 
largcr than LISEr;.hlLE because the noise is increased L times 
through FFT. 

IV. F R E Q U E N C Y - D O M A I N  LS E S T I M A T O R  
111 this section, the FLSE is invcstigated in MIMO-OFDM 

systcms. As a performance nicasure, the MSE is analytically 
dcriwd assuniing rliat linear interpolation is used without 
inteipolation ei-roi-. Then, thc MSE of FLSE is compared with 
t i i d  of T M L E  that is obtained in Eq. (16). 

From [7], the frequency-domain LS estimate is given by 

For FLSE in MIMO-OFDM systems, the preamble sequence 
of each transmit antenna should use a different set of subcarri- 
ers because only one OFDM symbol is assumed to be used for 
training signal. In other words, the following condition should 
be satisfied. 

In order to satisfy the above condition, pt may be defined as 
follows, 

For the t th  transmit antenna, the interpolation is needed i n  
order to obtain the channel parameters at the subcarriers that 
are not the element of p t .  

If the coherence bandwidth of the channel is large compared 
with the subcarner spacing, i.e., L is small, the coefficients of 
real channel have the linear relationship as, 

where 'iii = [ ( k  - N T ) / N T ~ .  and p = k - It + inN& The 
operator r.1 indicates the lowest integer larger than (.). In this 
case, we may use linear interpolation to obtain the channel 
parameters of the tth transmit antenna at the subcarriers that 
arc not the clement of p'. When linear interpolation is used, 
the channel estimates are given by 

where ,171 and p arc the same as those of Eq. (20). From Eq. 
(20) and Eq. (21), we consider the MSE of FLSE assuming 
that interpolation error disappears under the channel with large 
coherence bandwidth. 

Using Eq. (6), Eq. (17), Eq. (20), and Eq. (21), the MSE 
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without interpolation error is as follows: 

wherc the lower bound is obtained when lXt12 = 1 for 
k t p' and t = { O :  1:. . . . IVT ~ 1). This can be proved using 
"Lagrange Multiplier Method"[8]. When = 1, the lower 
bound o f  the MSE becomes U:, which is the same as the MSE 
from [7]. As the nuniber of transmit antenna increases, we can 
ohtaih the averaging effect because the several independent 
noise signals are added through interpolation. The averaging 
cti'ect of noise iniprovcs the S N R ;  accordingly, the MSE 
decreases as the number of transmit antenna increases. 

Although the MSE o f  FLSE without interpolation error 
decrcascs as the number of transmit antcnna increases, the 
MSE of TMLE is always smaller than that of FLSE if L 5 

(a) N=128.  L=2 

~ 
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For the channel with large coherence bandwidth, it is not 
difficult to satisfy the constraint of the maximum channel 
leneth because L << IV. I n  addition, L is generally smaller - 
than :\:/4 bccause the CP length is generally at most 25% of 
r l ic IFFT size lll. 1101. 

( b ) N = 1 2 8 . L = 1 2  
L 1  L 1 

If the coherencc bandwidth of the channel is small, the Fig. 2.  Comparison betwceii the TMLE and the FLSE as the oumbcl- oi- 
~ n t e r p o ~ a t ~ o n  be considering the  effect transmit aiiteniias increases from one IO four 

of interpolation error, the MSE of FLSE can be written as 

The interpolation error I,,,. depends on interpolation type, NT 
and L/!V. Generally, as .VT or L / N  increases, I,,, increases 
significantly, while M S E H , ~ , ~ E  is directly proportional to L or 
A;.,. In the next section, the interpolation error Ie& evaluated 
numei-ically. 

V. NUMERICAL RESULTS 
Fig. 2 shows thc comparison between the TMLE and the 

FLSE as the number of transmit antenna increases from one 

to four. The total number of subcarriers N is 128 where 
all the subcarriers are used for carrying the preambles. By 
varying the channel length L from two to twelve, the effect of 
coherence bandwidth to the MSE of the estimation is analyzed. 
We assume that the channel consists of L independent taps, 
in which the power of each tap is the same. In addition, 
the number of transmit antenna NT changes from one to 
four, which illustrates the influence of employing MlMO to 
the SNR losses and interpolation errors. The preamble is 
transmitted through Rayleigh fading channel, in which the 
correlation between antennas does not exist. In addition, we 
assume that the channel remains unchanged during one OFDM 
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symbol. The dashcd lines indicate the MSE of TMLE Eq. 
(16) and the solid lines denote the MSE of  FLSE using linear 
iiiteipolation To acliievc the lower bound of the MSEH.FLSE, 
thc  optimum preamble sequence is used (e.g., IXi12 = 1, k t 
pr ,  t t { O .  1.. . . . .Nr - l}). Fortunately, this preamble 
scqucnce satisfics thc optimuni pi-eanible condition of TMLE 
Eq. (14). 

I t i  Fig. 2(a), the length of channel L i s  two, i.e., the 
colicrcticc bandwidth is large compared with the subcarricr 
spicing. When !VT = 1, the SNR difference between the 
TMLE and the FLSE IS  about 18 dB which agrees with the 
analytical results of TMLE Eq. (16) and FLSE Eq. (22). If  
the iiunibei- of transmit antenna increascs by two times, the 
MSE of TMLE grows dircctly proportional to NT (i.e., the 
S N R  difference is 3 dB) because the signal energy used for 
cstimating channcl is reduced by half. On the contrary, the 
MSE of FLSE decreases as dcscribed in Eq. (22). The S N R  
diffcrcnces to attain the same MSE between NT = 1 and 
Y.,. = 2 and bctwccn IV1. = 1 and IVT = 4 are respectively for 
1.25dB and 1.63dB. However, the performance gap betwecn 
i l i c  TMLE and the FLSE remains large despite the decrease 
in thc MSE of FLSE. 

In ordei- to evaluate the MSE o f t h e  estimation in frequency 
sclcctivc channels. the length of channel L is increased to 
1'2 in  Fig. 2(b). i.e.. the coherence bandwidth is 116 of that 
i n  Fig. 2(a). When N,r = 1 in TMLE, the SNR difference 
bctivoeti L = 2 and L = 12 is about 8 dB which agrees with 
the MSE of TMLE derived in Eq. (16). In case of FLSE, the 
MSE rcniains tlic sanic. Howcver. as the number of transmit 
atitclilia iiicrcases, the MSE of TMLE grows proportional to 
thc  tittnibcr of transmit antenna. while the MSE perfoiinance 
of FLSE degenerates severely. In other words, thc perfomiance 
difcrcnce between the TMLE and the FLSE increases as 
tlie liltniber of  transmit antcnna increases. The performance 
dcgl-adation of FLSE is due to the increase of interpolation 
ci-ror that is reprcscntcd as the floor in the MSE curve of 
FLSE. When ivy. = 1 in FLSE, the MSE is saturated at 
about 5 x IO-'. In low SNR, the effect of interpolation error 
is dominated by the noise. Howcver, the interpolation error 
appears apparently i n  high SNR. In light of  the above, tlie MSE 
curves of  FLSE intersects one another because the effect o f the  
intci-polation error appears at high SNR. Since OFDM systems 
genct-ally assume the frequency selective channel. i.e., L/N = 
1/:9 - lji. [ l ] [ l O ] .  the cffcct of interpolation error in FLSE 
sliorild be scriously considered, and the interpolation should 
bc dcsigtied carefully. Howcvcr. evcn if the interpolation error 
is set asidc. tlic MSE of TMLE is sniallcr than that of  FLSE. 

VI. CONCLUSIONS 

In this paper, we  have compared the time-domain ML 
channel estimator (TMLE) with the frequency-domain LS 
channel estimator (FLSE) when MIMO-OFDM is employed 
under the assumption that the cstimation duration is one 
OFDM symbol. Using the approach in [SI, the TMLE and 
its MSE were derived for MIMO-OFDM systems. The FLSE 
using linear interpolation was investigated and the MSE of 
FLSE is analytically derived when there is no interpolation 
el-ror. The effect of interpolation error was evaluated nuincri- 
cally. Through numerical results, we  have shown that the the 
MSE of TMLE is smaller than that of FLSE and that the 
performance diffcrence increases as the number of transmit 
antcnna increases. 
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