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Abstract— We investigate the total degrees of freedom (DoF)
of the K-user rank-deficient interference channel with feed-
back. We focus on a symmetric case in which each node has
the same number of antennas, the rank of each direct link
is the same, and the rank of each cross link is the same. In
this paper, we develop a new achievable scheme which employs
interference alignment to efficiently utilize the dimension of the
received signal space. In addition, we derive an upper bound
for the general K -user case and show the tightness of the bound
when the number of antennas at each node is sufficiently large.
As a consequence of this result, we also show that if there
are enough number of antennas at each node, the DoF gain
increases proportionally with the number of users.

I. INTRODUCTION

Recently, it has been shown that feedback can provide
a significant capacity gain in the Gaussian interference
channel [1]. In contrast to the point-to-point channel [2] and
the multiple access channel [3], in the interference channel
the gain due to feedback becomes arbitrarily large for certain
channel parameters (unbounded gain). The gain comes from
the fact that feedback can help efficient resource sharing
between the interfering users.

The results of [1] indicate that feedback enables a sig-
nificant capacity improvement of multi-user networks with
interfering links. However, if we turn our attention to de-
grees of freedom (DoF), feedback fails to provide promising
results. From the results of [4], [5], it has been shown that
feedback cannot improve the total DoF for the two-user
full-rank Gaussian MIMO interference channel'. Therefore,
feedback can provide unbounded capacity gain but cannot
increase the DoF in the full-rank channel.

However, recently in [7], we have shown that feedback can
increase the total DoF in the two-user rank-deficient inter-
ference channel. Here, the rank-deficient channel captures a
poor scattering environment where there are only few signal
paths between nodes. In [7], we have characterized the total
DoF by developing an achievable scheme and deriving a
matching upper bound. In addition, as a consequence of this
result, we show that feedback can increase the DoF when the
number of antennas at each node is large enough as compared
to the ranks of channel matrices. This finding is in contrast to
the full-rank interference channel where feedback provides

'However, recently it has been shown in [6] that for multihop networks,
feedback can increase DoF.
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no DoF gain. The key idea is that feedback can provide
alternative signal paths, thereby effectively increasing the
ranks of desired channel matrices.

In this paper, we extend the previous works in [7] to
the general K-user case. We focus on a symmetric case
in which each node has the same number of antennas,
the rank of each direct link is the same, and the rank of
each cross link is the same. Specifically, for K = 3, we
establish the achievable total DoF by developing a new
achievable scheme. As compared to the two-user case, a
significant distinction of the proposed scheme is that we can
now employ interference alignment to efficiently utilize the
dimension of the received signal space, especially when the
rank of cross links is sufficiently large as compared to the
number of antennas at each node. In addition, we derive
an upper bound for the general K-user case and show the
tightness of the bound when the number of antennas at each
node is sufficiently large. One interesting consequence of this
result is that if we can use sufficiently many antennas at each
node, the DoF gain increases proportionally with the number
of users.

Notations: Throughout the paper, we will use A and a
to denote a matrix and a vector, respectively. Let AT and
||A|| denote the transpose and the norm of A, respectively. In
addition, let |A| and rank(A ) denote the determinant and the
rank of A, respectively. The notations I,, and 0, ., denote
the n x n identity matrix and zero matrix, respectively. We
write f(z) = o(x) if lim, 00 @ = 0. For convenience,
when indexing channel matrices, we use modular arithmetic
where the modulus is the number of users. (e.g., for the
three-user case, H; 4 means Hy ;).

II. SYSTEM MODEL

Consider the K-user rank-deficient interference channel
with feedback, as depicted in Fig. 1. Transmitter ¢ wishes to
communicate with receiver ¢, and transmitter ¢ and receiver
i use M; and N; antennas, respectively. We assume that all
channel coefficients are fixed and known to all nodes. Then,
the input and output relationship at time slot ¢ is given by

K
y;t) = Z H;ix;(t) + z;(t),

where x;(t) is the M; x 1 input signal vector at transmitter
1, H; ; is the N; x M; channel matrix from transmitter ¢ to

1159



Fig. 1. The K-user rank-deficient interference channel with feedback.

receiver j, and y;(t) is the IN; x 1 received signal vector
at receiver j. The noise vector z;(t) is the additive white
circularly symmetric complex Gaussian with zero mean and
covariance of Iy,. We assume that all of the noise vectors
and signal vectors are independent of each other.

In this paper, we adopt the rank-deficient channel model
in [8], in which there are D;; < min{M;, N;} independent
signal paths from transmitter ¢ to receiver j. Let H( ) denote
the channel matrix corresponding to the kth s1gna1 path
between transmitter ¢ and receiver j. Note that due to the
key-hole effect [8], rank(H") = 1, vk = Dy
Therefore, we assume that the matrix H; ; is given by

D,
— (k)
Hji= Z Hji
k=
Di T
- ag.f?b;f? L Vij=12....K (I
k=1
where a(k- and b(k) are N; x 1 and M; x 1 vectors respec-

tively, and their coefﬁc1ents are drawn from a continuous
distribution. From (1), we can see that rank(H;;) = D;;
with probability one.

There are K independent messages Wy, Wy, ... Wik At
time slot ¢, transmitter 7 sends the encoded signal x;(t),
which is a function of 1W; and past output sequences y' ' £
[ vi(1) yi(2) yi(t —1) ]7. We assume that each
transmitter should satisfy the average power constraint P,
ie, B[|x;(#)]?] < P fori € {1,2,...,K}. A rate tuple
(R1,Ra,...,Rk) is said to be achievable if there exists
a sequence of (2nfi onfz o onRi py codes such that
the average probability of decoding error tends to zero as
the code length n goes to infinity. The capacity region
C of this channel is the closure of the set of achievable

rate tuples (R1, Ro,.. .,RK). The total DoF is defined as
L\ Rs

I = hmp_>oc maX(Rth) K)EC W

III. MAIN RESULTS

We first review the previous results for the two-user case
in [7].

Theorem 1 (Two-user case [7]): For the two-user rank-
deficient interference channel with feedback, the total DoF
is given by

Ffb :min{M1 + N2 — 132717 M2 + Nl - D1,27
D11+ Doz+Dy2,D11+ Do+ Dy,
min{M, N1} + Dg o, min{Ms, No} + D1 1}

Proof: See [7] for the proof. [ ]

Remark 1: The DoF gain due to feedback can be achieved
when channel matrices of desired links are highly rank-
deficient. In this case, feedback can provide alternative signal
paths, thereby effectively increasing the ranks of desired
channel matrices.

Now we explain the main results of this paper. When K >
3, we focus on a symmetric case where M; = N; = M,
Di,i = Dd, and D]‘,i = Dc, Vi = 1,2,...,K and 1 7é ]
Specifically, for K = 3, we develop a new achievable scheme
which employs interference alignment when the rank of cross
links D, is sufficiently large. The achievable total DoF for
the three-user case is stated in the following theorem.

Theorem 2 (Lower bound for K = 3): For the symmetric
three-user rank-deficient interference channel with feedback,
the following total DoF is achievable.

Tpp >
M+ Dy if 2Dy < M < min{2D,, Dy + D.},
9M — D,  if max{2Dy, Dy + D.} < M < 2D, ,

M if M < min{2D,,2D4} ,

3M —-3D, if 2D, < M <2D.+ Dy,

3Dy + 3D, if2D.+ Dy < M.

Proof: See Section IV for the proof. [ ]

Remark 2: If there is no feedback, the total DoF is [9]:

Fno =
3Dy if 2Dy < M < min{2D., Dy + D.},
3Dy if max{2Dy4, Dg + D.} < M < 2D,
M if M < min{2D,,2D4},
3M —3Dy if2D. < M < D.+ Dy,
3Dy if max{2D., D.+ D4} < M.

Therefore, we can alternatively express Theorem 2 as

Lypp >
Fno
+M — 2Dy if 2Dg < M < min{2D., Dy + D},
T, +2M
—D.—3D, if max{2Dy, Dy + D.} < M < 2D,,
o if M <min{2D.,2D,} ,
Fno if 2Dc < M < Dc + de
I'o +3M—
3D, — 3Dy if max{2D., Dy + Dg} < M < 2D, + Dq,
T'o+ 3D, if 2D, + Dy < M.
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Fig. 2. Achievable total DoF for the three-user case when D. = 2Dy.
The achievable scheme is based on zero-forcing (ZF) and/or interference
alignment (IA), depending on the number of antennas at each node.

Remark 3: As will be explained in Section IV, our achiev-
able scheme involves interference alignment with feedback
when D, < M < 2D., while it is merely based on zero-
forcing when M > 2D.. This is due to the fact that when
the ratio of D, to M is greater than a certain threshold, we
cannot null out all the interference signals, and thus aligning
unwanted signals is required to utilize the dimension of the
received signal space more efficiently. Furthermore, as will
be shown in Theorem 3, the proposed scheme achieves the
optimal total DoF when M > 2D, + D,.

DoF gain due to feedback: Consider the case where D, =
2D,. We plot the total DoF as a function of M with fixed D,
and Dy in Fig. 2. Note that we employ interference alignment
when the rank of each cross link D, is sufficiently large
as compared to the number of antennas at each node M
(Here, when M < 2D.). In addition, we can see that the
slope in Fig. 2 increases with the number of antennas. This
is because if there are enough antennas at each node, we
can even create new interference-free signal paths via zero-
forcing rather than aligning unwanted signals.

We provide a simple example that shows how interference
alignment can be applied when feedback is present.

Example 1: Consider the case where M = D. = 5 and
Dg4 = 1. Our achievable scheme operates in two time slots.
See Fig. 3. At time slot 1, we design the transmitted signal
for transmitter ¢ € {1,2,3} as

1 2 3
x;(1) = vl[. ]Si,l + Vz[ ]sig + VE ]81,3.
Here, transmitter ¢ delivers s; 1, s;2, and s; 3 to receivers
i, © + 1, and i+ 2, respectively, while aligning unwanted
signals for each receiver. Note that although s; » and s; 3 are
not intended symbols for receivers ¢ + 1 and ¢ + 2, using

t=1

Decode sy3 and s35

1
1 l
VIS .
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Fig. 3. Achievability in Example 1. The beamforming vectors represented
by solid, dashed, and dashed-dotted lines denote the desired signals for
receivers 1, 2, and 3 respectively at each time slot. Note that arrows in the
figure represent linearly independent directions in a five dimensional space.

feedback, transmitters 7 + 1 and ¢ + 2 will forward them to
receiver 1 in the next time slot.
To achieve these, we construct VE] such that

span (Hi+1,iV£1]) C span (Hi+1,i+2vz[-£2) .
We also design v?] and Vl[-S] such that

Hi,ivl[‘?)] = Hi+2,i+2vgg =0,

H¢+1,1V1[3] = H7:+1,¢+2v1[-2+}2.

This beamforming design is feasible for M > 2D  and M <
2D, (This will be clarified in Section IV.). It turns out that
for receiver ¢+ 1, unwanted symbols (s; 1, s;42,1) and (s; 3,
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Si42,2) are aligned. Now we can see that
rank ({ Hi,z‘-s-lvz[ﬂl Hi,i+2V£ﬂg D =1,

rank ({ Hiavin, Hiovi), D =1
with probability one. Hence, receiver ¢ can decode s; ;.

On the other hand, transmitter ¢ can know s;129 and
si+1,3 after receiving y;(1). At the next time slot, each
transmitter forwards the other user’s symbols in addition
to its own fresh symbol. To achieve this, we design the
transmitted signal as

Xi(2> = VEI]SW; + Vl[-Q]SZ#Lg + V£3] 8i+2,2,

where s; 4 is a new symbol for user ¢. Then, using the
same argument above, we can see that receiver ¢ can decode
(8i,2,8i,3,8i,4), ¥i = 1,2,3. As a result, we can send 12
symbols over two time slots, thus achieving I'y;, > 6. Note
that the total DoF becomes three when there is no feedback.

A. Upper bound for the K-user case

Theorem 3 (Upper bound for the K-user case): For the
symmetric K-user rank-deficient interference channel with
feedback, the total DoF is upper bounded by

T, < KDy + M
Proof: See Section V for the proof. [ ]

Corollary 1: For the symmetric K -user rank-deficient in-
terference channel with feedback, the total DoF is given by
Ffb = KDd + 7DCK(K 1)
when M > Dy + (K — 1)D..

Proof: The converse follows from Theorem 3. For
achievability, we consider a simple extension of the scheme
in Theorem 2. At the first time slot, each transmitter sends
total Dy 4+ (K — 1)D,. symbols, in which Dy symbols are
sent through the direct link and D, symbols are sent through
each cross link. Then, after receiving y; (1), transmitter ¢ and
receiver ¢ can know D, desired symbols and (K — 1)D.
the other user’s symbols. This is possible due to the fact
that M > Dy + (K — 1)D,. At the second time slot, each
transmitter sends its new Dy symbols and also forwards
the other user’s symbols to the corresponding receivers.
Consequently, we can see that each receiver can decode
2Dg + (K — 1)D. symbols during two-time slots, thus
achieving 'y, > KDy + W. |

Remark 4: Suppose there are sufficiently many antennas
at each node (e.g., M > Dy + (K — 1)D..). Then, from
Corollary 1, we can see that the DoF gain due to feedback
increases with the number of users. Let I' s, and I',,, denote
the total DoFs when there is feedback and no feedback,
respectively. In addition, consider the case where D, =
Dy = D. Then, we have

Iyy,  DE(K+1)/2 K+1
Tho DK )

and we can see that the DoF gain is proportional to the
number of users.

IV. PROOF OF THEOREM 2

Our achievable scheme operates in two time slots. The
achievable scheme employs interference alignment when
D, is sufficiently large. For this section, we categorize
beamforming vectors for transmitter ¢ € {1,2, 3} into seven

types:

vV, = [ vil v vi7 ] ;
where Vl[-j Vis a concatenation of type j beamforming vectors
of transmitter ¢, i.e.,

I ) LGl
vi= st M ]

dgj] denotes the number of vectors in VEJ ], and dgo} 0.
Here, since we consider the symmetric channel, we set dEJ =
dil, vi =1,2,3.

. vz[l,]C denotes the kth beamforming vector for trans-
mitter i which spans the nullspace of H,;;,, ie.,
Hi+1,ivl[1,]€ = 0, and Hi,ivl[‘ll}ﬁ 75 0 and Hi+2;iV£1]]<; 7é 0.
Note that since rank(HH_l,i)’ = D,, the maximum num-
ber of beamforming vectors satisfying this condition is
M — D..

. v?,]c denotes the kth beamforming vector for trans-
mitter i which spans the nullspace of H; o, ie.,
Hi+2,ivz["2]]€ = O, and Hl}ivfl]c 75 0 and Hi+1,iv£?l]€ 75 0.

. v£3,]€ denotes the kth beamforming vector for transmitter
i which spans the nullspace of [ H; 11, H;42, |, ie.,
Hi+1,ivz['3]]€ = 0 and Hi+2)iV£3]]€ = 0, and Hi}iVZ[-:S]]C ?é
0. Note that this type of beémforming vector exits
only when M > 2D.. Assuming M > 2D., the
maximum number of beamforming vectors satisfying
this condition is M — 2D...

o After determining Vl[.l], Vi = 1,2,3, we construct
alignment beamforming vectors for each transmitter. We
design V£4] to satisfy

span (HiH,in[A]) C span (Hi+1’i+2vil+2)

where

V! = [ vl vl } .

To construct feasible V£4], we employ the beamforming
scheme in [9], which is proposed for the non-feedback
channel (Set V¥ = VA in [9]).

o Consider the case where M > 2D, and M < 2D.. Let

vl = [ vyl }, where
5.1 (5] (5]

VE I = { vii:?=1 dilgr Vi72§=1d[-7]+d[5]/2 } ’
5,2 (5] (5]

Vi = [ Vit ditariz T Viss ) } '

We construct alignment beamforming vectors VF’” and
v such that

H, VU =H,,vP? =0

5,1 5,2
Hipo, VO = Hipo i VY,
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or equivalently,

Hito; —Hitoit V[S 1]
H;; Onrx V[5 g | =0
Onvxnv Hivaita i+1

T

Since T is the 3M x 2M matrix whose rank is M +2D,
we can find feasible VES’ I and V£11]’ where dP°l <
2M —4Dg. For the case where M < 2Dgor M > 2D,,
we set d° = 0.
. [ ] denotes the kth beamforming vector for transmitter
7 Wthh spans the nullspace of [ H,;, H,;11, |, ie,
Hi,ivl[‘Gj]g =0 and Hi+1,ivl[‘6]]c = O, and Hi+27iV£6]]€ ?é 0.
Note that this type of bea)rnforming vector exits only
when M > Dy + D.. Assuming M > Dy + D,, the
maximum number of beamforming vectors satisfying
this condition is M — Dg — D...
. vﬂc denotes the kth beamforming vector for transmitter
i which spans the nullspace of [ H;; H;io; |, ie,
I‘IZ 1V£7]]€ =0 and Hi+2’iV£77]]€ = 0, and Hi+1,ivl[-771]€ 75 0.
Notice that V£ I'and Vz[;] are alignment beamforming matri-
ces while the others are zero-forcing beamforming matrices.

Now we explain the proposed scheme. At time slot ¢, we
design the transmitted signal for transmitter ¢ € {1, 2,3} as

7
xi(t) =3 VsP).

j=1

T
s; (1) = Si, 300 dik-141 Si, i, d¥ } .
Here, transmitters send their symbols with independent
Gaussian signaling, and beamforming vectors are prop-
erly scaled to satisfy the power constraint. As we men-
tioned above, our achievable scheme operates in two time
slots. In the first time slot, transmitter ¢ delivers the sym-
bols (sL/(1) (1), 7 (1), (1)), (s(1) 517 (1), and
(s£5’2] (1), s£6 (1)) to receivers i, i+ 1, and i+ 2, respectively,
where

5,1

SEO, ](1) = [ 8i,2i:1 dlk=1]141 3@22:1(1“"*1#(1[51/2 ] s
5,2

sP(1) = [ sixp_, e vas o1 Sy, v -

Here, although (s*/(1),s!"(1)) and (s/>?(1),s/(1)) are
not desired symbols for receivers ¢ + 1 and 7 + 2, using
feedback, transmitters 7 + 1 and ¢ + 2 will forward them to
receiver ¢ in the next time slot.

To achieve this, we choose dl! to satisfy the following

conditions.

d" < M - D, (2
d? < M - D, 3)
bl < max(M — 2D.,0) 4)
dbl < max(2M — 4Dg4,0, min(M — 2D, 0)) (5)
dl% < max(M — D, — Dg,0) (6)
d™ < max(M — D, — Dg,0) 7
dM 4 dP 4 Pl 4 g4 < Dy ()
dM 4 @ 4 @bl 4 dlol < D, 9)
d? 4 g4 4 g5l gl7) <D, (10)
24V 4 2% + d¥ 4 244 + 34 1 g9 4 g7 < 0

2 (11)

7

Z dvl < M (12)
j=1

Here, the conditions (2)-(7) are due to the properties of
VEJ I, (8)-(10) are due to the fact that the number of symbols
transmitted through a channel is constrained by the rank of
the channel matrix; (11) is due to the fact that the number of
received symbols at a receiver should be less than or equal to
the number of antennas at the receiver; (12) is due to the fact
that the number of transmitted symbols from a transmitter
should be less than or equal to the number of antennas at
the transmitter. Note that, due to the alignment properties of
Vl[-4] and V£5], we have

rank ({ Hi,i-l—lvz[‘ﬂl
= dM 4+ g,

4
Hi,z‘+1V£+]1 H; z+2V£+]2 D

3
rank ({ H¢,¢+1V£i]1 Hi,i+2VEﬂ2 D — id[S]'

Then, we have

rank (A1) Zd (13)
rank (Ay) = d[l] + d4 4 Pl 4 gl (14
rank (Az) = d? + d + abl 4+ a7, (15)
rank ([ Ay, Aj ])

— gl 4 g2 g gdm +dl) 1 gl7 (16)
rank ([ A1 AQ Ag ])

= 2dM 4 24P + @P¥ + 24 + gd[f’] +d% +dM a7

with probability one, where
A, =H,;; [ V[l] vi? vl V[4] } ;
1 4 5 6
Az =Hiit [ Vz[-gl Vz['-'ll VHl Vq[;+]1 } )

2 4 5 7
Az = Hiito [ Vz[‘-ilQ Vz['—'lZ V£+]2 Vz['-‘l2 } :
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Notice that (13)-(17) are due to the facts that Vg,
V,, and V3 are full-rank matrices and all the chan-
nel matrices are generic. Thus, by observing y;(1), re-
ceiver ¢ and transmitter ¢ can decode the desired symbols
(sm(l)7 s?](l), SES](l), s£4](1)) and the other user’s symbols
(553 (1), 515, (1), 5221 (1), 571y (1) s desived.

Now we consider the proposed scheme in the second time
slot. Recall that transmitter ¢ can know the other user’s
symbols (s,ﬁf](l), s,ﬁ]_l(l), sﬁ?(l),sﬂﬂl)) after receiving
yi(1). In the second time slot, each transmitter will forward
these symbols to the corresponding receivers, i.e., forward
(sgiﬁ](l),sgl(l)) to receiver ¢ + 1 and (sgig(l),SﬂQ(l))
to receiver ¢ + 2 in addition to its own new symbols. To
achieve this, we set the symbols of user ¢ transmitted at
time slot 2 as

- { S0,y dF 4T dif 41 S0,y R dl

T
S =] o]
si%(2) =7, (1),
st (2) = s, (1).

Here, sE”(Z), S£2](2), s£3](2), and s£4](2) are new symbols
of user ¢ transmitted at the second time slot. Then, using
the same argument as above, receiver ¢ can decode all
the symbols (sgl](Q), s?](Q), s£3] (2), s£4] (2), sg‘r’](l), SEG](l),
[7]
s; (1)

In summary, during two time slots, receiver 7 € {1, 2,3}

can decode 2d[!! + 242! 4 24! 4 2414 4 g5 4 6] 4 ¢[7]
desired symbols, thus achieving total DoF:
5 6 7
Ty > dlt) 4 a4 ¥ 4 gl 4 d® +d% +d"
- 2

Now we analyze the achievable total DoF by determining
suitable dl! Vj = 1,2, ..., 7 with respect to M, Dy and D,.

A. Case 1 : when D, < M < 2D,

1) M > 2Dg and M < Dg + D.: In this case, the
proposed scheme employs interference alignment. We set?

dV' =M - D,,
d¥ =Dy + D, — M,
dPl = gBl = glol = gl — o,
_ 2M — 4Dy
3 )
which satisfies the conditions (2)-(12). Then, during two time

slots, receiver i € {1,2,3} can decode 2d[" + 244 4 dP°! =
2Dg + % symbols, thus achieving the following total

4l

2M—4Dy . . . . .
21t fd is not an integer, we consider a three-time symbol extension

as in [10], [9]. Furthermore, whenever dl is not an integer, we can consider
a proper symbol extension.

DoF:
Ly >3 (Dd +

=M+ Dy. (18)

2) When M > 2Dg and M > Dg + D.: As in the
previous case, the proposed scheme involves interference
alignment. We set

M —2D,
3

D
a — g2 = Z4
2 )
a3l = g4l — 0,
PO 4D, —2M
3 )

which satisfies the conditions (2)-(12). Then, during two time

slots, receiver i € {1,2,3} can decode 2d!"l + 2d?! 4 dP°l +

dl®! + dl"l symbols, thus achieving the following total DoF:
2D.— M

T

)

Fsz3<MDc+

=2M — D.. (19)

3) When M < 2D,: In this case, we use the non-feedback
scheme in [9] and can achieve

Ly > - (20)
by setting
dV =M - D,,
M
d¥ =p, - —
2 )

a2l — g8l — 4151 — gl61 — 4171 — .
B. Case 2 : when 2D, < M <2D.+ Dy

1) When M > D, + Dg: In this case, the proposed
scheme is merely based on zero forcing (d[4] = dbl = 0).
We set

gl = g2l = 2Pe+ Da = M
2 )

d® = M —2D,,

d¥ = gbl =,

d = d™ = M — D, — Dy
which satisfies the conditions (2)-(12). Then, the achievable
total DoF is given by
Iy >3(Dg+ M —D.— Dy)
=3M —3D.. (21

2) When M < Dy + D.: In this case, we use the non-
feedback scheme in [9] and can achieve

Ty, >3M — 3D, (22)
by setting
g = g2 = De
2 )
dBl = M —2D,,

a4 = gl — g6l — gi7 — .
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C. Case 3 : when M > 2D, + Dy

In this case, we use only 2D, + D, antennas out of M
antennas at each node. Then, from the result in Case 2, we
can achieve

Ty, > 3Dy + 3D,, (23)
by setting
Al = gl2l — g4 — g5 —
B = Dy
dfl = dl" = D,.
V. PROOF OF THEOREM 3
Let W, = {Wii1, Wiga, ..., Wk}, X; =

{X?—Q—lv Xipoy .- aXTIL(}» aﬂf} Y; % {yg'{la Yito - ’Y%}
Vi =1,2,...,K, where W = X = Yx = (. Starting
from Fano’s inequality, we have

K

n ZR1 €n
z;l

<Y T(Wisyy)
=1

(@) &

K K
=D h(yPYa Wi) + Dk (YilWi) = h (v}, Vil Wi, W)
=1 =1
K — —
:Zh(yzrb'}/;aw)_h(y??y;v '7yTIL(|W17W27"'vWK)
=1
K
+ > h (YiIWi) = h (v, Vil Wi, Wi)
=2
+h(ygv '7y7ll(|W27"'7WK)
K
(Q Zh(y;qﬁawz) 7h(y?’yg7 'aynK|WlaW27"'5WK)
=1
K K n
DS n (v [Fiw £ ) - 30 Y n e
i=1 i=1t=1
K 7 B K n
- Zh ZHZ‘,]X? + 2 Y, Wi, X | — ZZh(zz(t))
=1 j=1 1=1 t=1
(e) K n 7
SIS R D H () +z(t) | — h(z(t)
i=1t=1 j=1

where (a) follows from the fact that adding information
increases mutual information (providing a genie); (b) follows
from the independence of (Wi, Wa,...,Wk); (c) follows

from the recursive properties of W; and Y;; (d) follows from
the fact that x;(t) is a function of (W;,y:™') and x7 is
a function of (W;,y"); and (e) follows from the fact that
conditioning reduces entropy.

Therefore, we have

K K i
ZRl SZ;‘L ZHi,ij+Zi —h(Zi)
i=1 i=1 j=1

a K

(g) > ((Dg + De(i — 1)) log P + o(log P))
;{:1

= <DdK + KK -1D. ; 1)DC> log P + o(log P)

where (a) follows from the fact that the pre-log term of
h(375-1 Hijx; + 2;) is constrained by Dy + De(i — 1).
Hence, we get the following upper bound:

Ty < (DdK_FK(K;DDC).
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